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Abstract 

Starting from En and the space-time translations we construct an algebra that 
promotes the global En symmetries to local ones, and consider all its possible mas- 
sive deformations. The Jacobi identities imply that such deformations are uniquely 
determined by a single tensor that belongs to the same representation of the internal 
symmetry group as the D — 1 forms specified by En. The non-linear realisation of the 
deformed algebra gives the field strengths of the theory which are those of any possi- 
ble gauged maximal supergravity theory in any dimension. All the possible deformed 
algebras are in one to one correspondence with all the possible massive maximal su- 
pergravity theories. The hierarchy of fields inherent in the En formulation plays 
an important role in the derivation. The tensor that determines the deformation 
can be identified with the embedding tensor used previously to parameterise gauged 
supergravities. Thus we provide a very efficient, simple and unified derivation of all 
the field strengths and gauge transformations of all maximal gauged supergravities 
from En- The dynamics arises as a set of first order duality relations among these 
field strengths. 



1 Introduction 



The maximal supergravity theories have played a key role in our understanding of string 
theory. The gauged supergravity theories have been studied for 25 years beginning with 
the first paper [1] which found an SO (8) gauged theory within the D = 4, N = 8 theory. 
These theories are sometimes called massive theories in that they are a deformation of the 
massless theory by a massive parameter. They have generally been found by starting from 
the massless supergravity theory in the dimension of interest and adding a deformation 
to the action such as a cosmological constant or a non-abelian interaction for the vectors 
and using supersymmetry closure to complete the theory. In relatively recent years all 
maximal gauged supergravity theories in each dimension D has been classified in terms 
of a single object called the embedding tensor which can be thought of as belonging to a 
representation of the internal symmetry group of the supergravity theory in D dimensions 
[21 [31 m O [HI [71 [8] . Thus for example all the gauged supergravity theories in five dimensions 
are parametrised modulo further constraints by an embedding tensor in the 351 of the 
symmetry group Eq. 

Certain gauged supergravities have played an important role in more recent develop- 
ments. Two of the most important examples are the five dimensional gauged supergravity 
theory which results from dimensionally reducing the ten dimensional IIB supergravity 
theory on 5*^ which is central to the AdS/CFT conjecture and those theories that occur in 
flux compactifications with a view to moduli stabilisation. However, it is fair to say that 
gauged supergravities in general have not been fitted into any conventional discussions of 
M theory. 

It was conjectured in 2001 that the theory underlying string theory should possess 
an Ell symmetry and indeed the non-linear realisation of this symmetry contained the 
eleven dimensional supergravity theory [9J. By taking different decompositions of En one 
finds different supergravity theories. In particular, to find the theory in D dimensions one 
performs the decomposition of En into GL{D, M) ® G which corresponds to the algebra 
remaining after deleting the Dth node of the En Dynkin diagram. In particular in ten 
dimensions one finds two theories which have at low levels precisely the content of the 
IIA and IIB supergravity theories [HI HU]. Moreover, the Romans theory was found to be 
a non-linear realisation [TT] which includes all form fields up to and including a 9-form 
with a corresponding set of generators. This 9-form is automatically encoded in the non- 
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linear realisation of En [12], and its 10-form field-strength is dual to Romans cosmological 
constant. 

More recently the from fields, that is those field with only completely ant i- symmetrised 
Lorentz indices, were found in all dimensions, D [Ti] . These include the D — 1 forms 
in the D-dimensional theory whose equation of motion generically leads to a cosmological 
constant. As such the number of such forms should correspond to the number of gauged 
supergravity theories and indeed the representation of the D — 1 forms is precisely the same 
as that of the embedding tensor used to classify the gauged supergravity theories. It was 
therefore apparent that En encoded all the possible maximal gauged supergravity theories. 
Thus for the first time the gauged supergravities were included in some underlying unifying 
formulation rather that found as the possible massive deformations in each dimension. 

A feature that is always present in the En theories in different dimensions is that 
every form field has a corresponding dual field, indeed if the n-form fields belong to the 
representation Rn then we also find D — n — 2-dual form fields in the complex conjugate 
representation, i.e. RD-n-2 = R-n- This was already apparent in the case of eleven dimen- 
sions and the IIA and IIB theories P, HU]. As mentioned above the rank D — 1 forms are 
dual to a cosmological constant while the rank D forms are not dual to anything but play 
an important role in brane associated dynamics. This can be thought of as a hierarchy of 
fields of ascending rank. 

The results in the two paragraphs above are of a purely kinematical nature, however, 
progress has been made in constructing the dynamics of gauged supergravity theories using 
Ell. Initially this was achieved using the so called h representation [15] to provide an En 
covariant generalised space-time [TB]. While wishing to continue with this approach at a 
future date we also pursued an alternative more bottom up approach introducing only the 
usual D-dimensional space-time, with its corresponding space-time translations operator 
and at the same time extending the En algebra to include generators that had the effect 
of making local all the rigid Borel En transformations [17j. These so called Ogievetsky 
generators lead in the non-linear realisation to fields that can be eliminated covariantly and 
do not appear in the final dynamics. Nonetheless they play a crucial role in determining 
the field strengths of all the fields. Therefore, the algebra formed by the non-negative 
level Ell generators, the D-dimensional space-time translation generator and the above 
mentioned Ogievetsky generators, called E[°^'}^ in [T7], determines the field strengths of 
the massless maximal supergravity theories in any dimension. It also emerged in [17] 
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that in the case of gauged supergravities the final dynamics is controlled by a massive 
deformation E[°^']^ of the algebra in which the deformed En generators have a non- 

trivial commutation relation with the momentum operator. This was shown in detail for 
the case of the Scherk-Schwarz reduction of JIB to nine dimensions, the five-dimensional 
gauged maximal supergravity and Romans massive IIA theory. In the first case it was also 
shown that E[°^g^ is a subalgebra of the algebra E'^^'^f^^ that describes the IIB theory in ten 
dimensions, while the last case reproduced the results of [llj, where the field strengths of 
the Romans theory were constructed adopting a non-trivial commutator between the £^11 
generators and momentum. 

We note that gauged supergravities have also been discussed from the Eiq \18\ view- 
point. In particular the case of Romans IIA was discussed in [I9l while the case of maximal 
gauged supergravity in three dimensions was analysed in [20j . 

In this paper we continue the analysis of [17] and construct all the massive deformations 
in each dimension. We find that the underlying En algebra and the Jacobi identities imply 
that the deformations in a given dimension are uniquely determined by one object that 
belongs to the same representation as the D — 1 form generators and so can be identified 
with the embedding tensor used previously to classify gauged supergravity theories. We 
use the algebra to construct in a simple way all the fields strengths of all the gauged 
supergravities in all dimensions. The dynamics then arises as first order equations that are 
duality relations among these field strengths. In particular, the scalar equation results from 
the curl of the duality relation between the D — 2-form fields and the scalars, using also 
the fact that the D — 1-form field is dual to the embedding tensor. In general there is more 
than one gauge covariant quantity that one can construct contracting the scalars with 
the embedding tensor, and this procedure does not determine their relative coefficient, 
and therefore does not determine the exact form of the scalar potential. We analyse 
each dimension from three to nine, and these results, together with the ten-dimensional 
deformation corresponding to the Romans theory analysed in [T7] , give the field strengths 
of all possible massive maximal supergravities in any dimension. 

The paper is organised as follows. In section 2 we derive the general method of con- 
structing the deformed En algebra in any dimension. In section D, with D = 3, 9, we 
explicitly derive the deformed algebra in a given dimension D. In section 10 we discuss the 
form of the duality relations that the various field strengths must satisfy in any dimension, 
and section 11 contains the conclusions. The paper also contains three appendices. In 
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appendix A we review some group theoretic techniques and we derive from En the rele- 
vant projection formulae used in the paper. In appendix B we explicitly evaluate the field 
strengths in the general notation of section 2. In appendix C we derive the field strengths 
of the four- dimensional theory using a different method, that is based on the non-linear 
reahsation of En ®s li and applies in four dimensions the analysis that was carried out in 
[16] in the five- dimensional case. 

2 The general method 

We wish to consider the formulation of the En algebra appropriate to D dimensions which 
can be found by decomposing En with respect to the algebra that results from deleting 
the Dth node of the En Dynkin diagram. This resulting algebra is SL{D,M.) ® G where 
SL{D, M) is associated with D-dimensional gravity and G is the internal symmetry algebra. 
The resulting form generators, that is those with only anti-symmetric Lorentz indices, are 
explicitly given in the later sections. In this section, we are interested in a universal 
treatment valid for every dimension and so we introduce a corresponding notation. We 
denote the form generators as Jl°-i---"-n,Mn g^j-^^ ^-j^g generators with no Lorentz indices are 
written as i?". The latter generators are those of the internal symmetry algebra, G and the 
generators ^{'^^■■■"■riM-n, carry the representation Rn of G which transforms the M„ indices. 
We note that in this notation Rq is the adjoint representation. For example, in the case 
of five dimensions G = Eq and the form generators are given in eq. (15. ip . 
The En algebra involving the form generators is then given by 

and 

where /*^'"^"p„+„ are generalised structure constants whose form will be shown in the 
following in several examples. By studying the table of [13] of forms contained in En-, which 
is table [1] in this paper (observe that the table contains the representations of the fields, 
which are the complex conjugate of the representations of the corresponding generators), 
one finds that in all dimensions the representation of the 4-form generators is in the anti- 
symmetric tensor representation formed from two representations R2 and so it has indices 
[M2N2\. As such we may write the 4-form generators as R^i^^b^b2,M2N2 ^ ^aiaabifcJMaTVa]. 
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terms of our general notation the indices M4 are for this generators represented by [M2A^2]- 
As a result the commutator of two 2-form generators can be written as 

where we have taken the constant of proportionality in the commutator to be one as this 
commutation relation can be taken to define the way the four form generator appears in the 
Ell algebra. The particularly simple form of this commutator will prove to be useful in this 
paper. Some other related observations that will be useful are that Ri ® Rn contains the 
representation Rn+i and that Rn = RD-n-2 for n 7^ D — 1, D. The first implies that one 
can find all form generators by taking repeated commutators of the one form generators 
and the second reflects that in the En formulation one finds dual fields for all the form 
fields usually associated with the physical degrees of freedom of the theory. Taking n = 
we find that Rd-2 = Ro which is the adjoint representation and so it is real. 

In fact the above algebra contains the En form generators that have positive level 
with respect to the level associated with node deletion discussed above. It is a truncation 
of the Ell algebra to contain just these generators. Clearly, eqs. (12.11) and (12.21) obey 
certain Jacobi identities which imply, for example, that the structure constants are invariant 
tensors of the internal symmetry group G. However, the structure constants also obey 
restrictions resulting from their En origin. These result from the Jacobi identities, but 
also from the construction of En from its Chevalley generators. In particular, the left hand 
side of the commutator of eq. (12.11) implies that the form generators on the right hand side 
must belong to the Rn ® Rm representation of G, however, only the Rn+m representation 
arises. As a result, the structure constant /*''^'"^"p„+„ must obey the conditions that project 
onto only this latter representation. A particular example, that will be important for what 
follows, is the case for m = 1 and n = D — 2 whose corresponding commutator has the 
form 

[^ai,7Vi^^a2...az,.i,a| ^ jN^a ^^^^^^a^a2...ao-i,MD-l (2.4) 

where the generator on the right hand side corresponds to the next to space-filling form 
fields that give rise in the non-linear realisation to the cosmo logical constant. Here we 
have used that Rd-2 is the adjoint representation and so is labelled by . . .. For the 
cases of D = 4, 5, 6 i.e. Ej and Eq and E^ = the Ri ® Radj contains three irreducible 
representations, only one of which is the representation to which the next to space-filling 
generators belong. For the other dimensions one finds more representations in the tensor 
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product, but in all cases there are two or more representations in the tensor product that 
must be projected out to find the representation, or for D = 9,8,7,3 the two presentations 
to which the next to space-filling generators belong ( see table |2]). As such the structure 
constants f^^^No-i must obey at least two projections conditions that turn out to be of 
the form 

(/^a)iv/'^/^^%,_, = 0, = c/*^^^,_, (2.5) 

for a suitable constant c. Such projector conditions are discussed in more detail in appendix 
A. 

To the Ell algebra we add, as explained in reference [17], the space-time translation 
operator Pa and an infinite number of so called Ogievetsky generators. In fact for our pur- 
poses we need only add the lowest order such generators, }<[°-'^^-^nM-n ^ which by definition 
obey the commutator 

]^j^a,b\...bn,Mn pj _ ^aj^bi...bn,M„ _ ^[aj^bi...b„],Mn ^2 

As this equation makes clear the generator X'^'''^-^"'^^" is associated with the En generators 
j^bi...bn,Mn g^j^^ carries the same internal symmetry representation, Rn. It also satisfies 
j^la,bi---bn],Mn — Q 'jj-^g Ogicvetsky generators rotate into themselves under the action 
of the Ell generators and the commutator of two Ogievetsky generators gives another 
Ogievetsky generator. We take the space-time translation operator to commute with 
the positive level generators of En. Indeed, it is this requirement that forces us to consider 
only the positive level generators of En. 

We now consider a massive deformation of the above algebra which is parameterised 
by the symbol g and given by 

ai...am,Mm TDb\...bn,Mnl fMmNn pai . . .Om bl . . .6 

' J J Pn + m 

_j_^^AfmA^n^ J^[ai,a2.--am\bl...bn,Pn+m,-l ^2 7) 

pai...am,M,„j _ (^JJ'^^j^ Mm j^ai...am,Nm ^2 3^ 

^j^a,bi...bn,M„ pj _ j^bi...b„,Mn _ ^[a j^bi...bn],M„ gJjMn ^ ^|a|fe---fen] ,M„_i^^ j^g-^ 

while the deformation of eq. fl2.3l) for the commutator of two two forms is given by 

]^j^aia2M2 pbi62A'2j _ j^aia2bib2,M2N2 _j_ ^■^Af2A^2^ J^[ai,a2]bib2,P3 ^2 H) 
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For the case of the 4-form generator eq. fl2.9p can be written as 

The above commutators preserve the grading [R\ = 0, [P] = — 1, [K] = 1 provided we also 
assign [g] = —1 to the constant g. For each set of objects W we find a different deformation 
of the Ell algebra. The deformed algebra of eq. fl2.7p to fl2.12l) is the general version 
of that given in [17] for special cases such as that for the the gauged nine- dimensional 
supergravity that arises from Scherk-Schwarz reduction of IIB, gauged five- dimensional 
maximal supergravity and Romans massive IIA. 

We define Wq^ = 6q^ = 9^^ as the index Qo is the index on which is just the 
index a. In terms of this notation the lowest order example of eq. fl2.12p is given by 

[RaN,^p^-^^_g^aQmj^a (2.13) 

We will see that will t urn out to be the embedding tensor discussed so much in the 
literature on gauged supergravities. 

The like all the objects W, are not invariant tensors of the internal symmetry 

group G. One can think of them as a kind of spurion; for each allowed value of one 
finds a different gauged supergravity, for example the local gauge group is determined by 
the value of 

We will now work out the consequences of the Jacobi identities for the deformed algebra 
of eqs. (12. 7p to (12. lip . We begin with the Jacobi identities that arise from taking two En 
generators and Pc. These will place linear conditions on Vr^"+^5„ as we have only one Pc. 
In particular we first consider the identity 

We evaluate this using eqs. (12.70 to (I2.13p . Not all structures of Lorentz indices that arise 
are independent due to the identity 

^^[bi\pa\b2...b„] ^ ^a^6ib2...fen _ + X)^[a^6lfe...&„] _ (2.15) 

As such it suffices to consider the coefficients of only the terms involving S^^R^^^^-.-bn] ^j^^^ 
those of the form and use the above equation to express any other contributions 

in terms of these two forms. We find that at order g this leads, respectively, to the two 
equations 

/ Pn + l^ Sn - Sn SnW Qn-1 [Z . it ) 
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and 

= --/''^^"-^P„H^'^V„ - X/^V/" (2.17) 
n 

where X/^^^^"^" = e^(D-)5„^". 

As noted above, the representation Ri ® Rn always contains the representation Rn+i 
and so the structure constant f^^'^^" p„^-^ can be inverted to leave only W^^+'^Sn the 
right-hand side of eq. fl2.14p . Thus this equation solves for W^"+'^s„ in terms of 6*^^ and 
the lower level W^"Sn-i these equations provide a set of recursion relations that allow 
one to solve for all the W^"+'^sJ^ terms of O*^^ Eq. ( 12.12^ then just gives m 
terms of G^^^. 

At order we find that the Jacobi identity of eq. (I2.16P implies the relation 

L*'^^V„f/^"5„_, = L^'^'^-'s^.^W-Q^,, . (2.18) 
At lowest order eq. (12.141) implies that 

/*^^^^P,PF^^5, =2Xi(^^^5/^^ . (2.19) 
In deriving this relation we have used that 

^RaAh^QN.j^a^ = f^'^^'^S^W'Q.R''^' = -X^' s^^'' R"^' (2.20) 

since in terms of our notation f'^'^^^^Si = ~f^^^^^^Si = ~{D°')si^'^ and using our earlier 
definition 9^^ = W^'q,. 

While we have solved for all the TV' s in terms of using the above equations it is more 
practical to do this step for the W involved with the 4-form generator using the Jacobi 
identity 

and eqs. (12.111) and (12.121) rather than the Jacobi identity of eq. (12.141) for the case of 
m = 1 and n = 3. Using similar arguments to those deployed above, we find at order 
the two equations 

^M.TV.^^ = ^W'^.^jRiM,^^ ^ W^^^J^-^-^^ (2.22) 

and 

yM^N^^^ = W^'^'r, . (2.23) 
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Clearly, these solve for W^^'^^^r.^ and V^'^^^^s in terms of W^^r-^ and so in terms of Q^^R", 
while at order we find that eq. (12.211) implies that 

lyM,N,^^jjPs^^^_^R,M2^^y^N, ^2.24) 

O 

It will be useful to also consider the Jacobi identity 

[e^^i?", [i?"!--^-^", pj] = [e^^i?", R^^-^-'P-]^ pj (2.25) 

since [-R",Pc] = 0. It implies that 

X„^ii«„_,«"-W^"Q„_,=X„^^Q/"l^Q"«„_, . (2.26) 

We now consider the consequences of the Jacobi identities that involve one En generator 
j^ai...an,Pn g^j^^ ^]-^g generators Pc and Pd- This implies a quadratic constraint on W^'^"q„_i's 
that is given by 

W''"Q^_,W'^"-^R^_,=0 . (2.27) 
At the lowest order, i.e. n = 1, eq. (12.261) implies that 

^f^Qi''^©^^ = ©f^r^^e? • (2.28) 
Finally we consider the Jacobi identity with /^"-^i and Pc and P^, namely 

[[^a,fei...fe„,M„^ PJ, Prf] - [[7^'^.^'i-^'n-A^„^ PJ = , (2.29) 

as [Pc, Prf] = 0. At order we find that 

U''"P^-^ = -^W''"p„_, , (2.30) 

while at order g'^ we find that 

[/^"p„_.f/^"-^P„_. = . (2.31) 

The first equation solves for ?7^"p^_-^ in terms of W^"p^_-^ and so in terms of 0^^. Using 
eq. (I2.28P and eq. (I2.30p we observe that eq. (12.311) is automatically solved. Furthermore 
substituting eq. (12.301) into eq. (I2.24p we find it is automatically satisfied using eq. (12.170 . 

We now summarise the content of this section so far. The deformation of the algebra of 
eqs. (12. 7p to (I2.12p involves a number of the constants, namely I^*^™^"p„+„_i, W^*^'"m„_i, 
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U^"p^_-^, V'^^^'^p.^ and W^^'^'^^p^. However, the Jacobi identities imply that all of these may 
be solved in terms of the W^s and these are in turn determined in terms of the single object 
e^i. Thus the ent ire deformation is determined in terms of , or equivalently 
eq. (I233D. 

However, the above equations also impose constraints on Clearly, there are the 

quadratic constraints of eq. fl2.28p which are a set of constraints on once we have 
substituted for the W^s in terms of O^^. However, we also have a set of linear constraints 
that originate from eq. (I2.16p whose right hand side can be expressed entirely in terms of 
, a variable in which it is linear. As explained above the structure constant that occurs 
in the commutator of eq. (12. ip obeys projector conditions arising from the fact that the 
form generators on the right hand side do not belong to the representation (S> Rn, but 
only to the representation Rn+m that it contains. The number of projection conditions 
correspond to the number of irreducible representation in Rm ® Rn which are not contained 
in the representation Rn+m- However, certain of these structure constants, i.e. /^^^"p„+i 
appear on the left hand side of eq. (12.161) and so the object G^^ that appears on the right 
hand side of this equation will satisfy corresponding constraints. In particular, taking 
n = D — 2 in eq. (I2.16P we find the structure constant f^^^°'p]j_^ on the left hand side 
which obeys the constraints of eq. (12.50 for the cases of dimensions four, five and six. This 
is evident from table [2] where we find that in these dimensions the representation Ri ® Rq 
contains three irreducible representations only one of which is Rd-i- As explained in 
appendix A this is a consequence of the fact that for these dimensions Ri is the fundamental 
representation of the internal symmetry group. In other dimensions one has to project out 
more than two irreducible representations from Ri ® Rq to leave the representation Rd-i 
(see table [2]) and so one has more projection conditions on the structure constant f^^^°'p^_^ 
and so on G^^ Thus in dimensions four, five and six we will find two linear conditions on 
G^^ which are evaluated in detail later in this paper and are found to be 

(D")jv/^'G;^^ = (2.32) 

and 

iD^D»)^,''^Q^^ = cQf^ (2.33) 

where c is a constant plus possible further constraints. In dimension other than four, five 
and six we find these constraints as well as further constraints. However, in dimensions 
other than three, four, five and six one finds that all the conditions on G^^ already arise at 
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lower levels than n = D — 2 from similar conditions on the corresponding lower level struc- 
ture constants. Hence, a priori although 9^^ could belong to the representation Ri ® Rq 
the constraints discussed above, and derived in detail in each dimension in later sections, 
restrict it to actually belong to the same representation as the D — 1 form generators i.e. 
the Rd-1 representation in all dimensions. 

To summarise this section so far. We have found that the deformation is uniquely 
determined in terms of and will find, taking account of results in later 
sections, that this object obeys constraints that imply that it belongs to the 
same representation as the D — 1 form generators. 

We turn our attention to the construction of the field strengths from the Cartan forms. 
We write the group element of the algebra of eqs. (12.71) to fl2.12p in the form 

g = e^'^Ve^'' (2.34) 



where 



A.JJ A Raj. ..am, Mm A R"! ■ ■ "^m — 1 >*^m — 1 

^ _ fp^ai...am,Mm"- g^aj . . .Km- 1 ,Mm_ 1 ^ 



gA„,.2.M2«''^"2'^^2gA.i,M,fl'"-«i^^ (2.35) 

where = e'^°'^" and e*'^ is a similar expression involving the Ogievetsky fields and 
generators. The field strengths are contained in the Cartan forms which we can write as 

g-^dg = V^''^ + V^^^ + ... (2.36) 

where V'-"''' is the contribution at g'^. The full calculation involves many terms but we 
are only interested in the field strengths and so we will only keep terms that contain Eu 
generators. These contain terms of the form dx^G fj^ai...a„,MnR"'^ '"'"'^^" ■ The coefficients 
Gf_iai...an,Mn iiot totally anti-symmetrised in all their /iOi . . . a„ indices, but the terms 
that are not are set to zero using the inverse Higgs mechanism which solves for the cor- 
responding Ogievetsky field. This mechanism is discussed in detail in reference p^. The 
term that is totally anti-symmetrised is the field strength and as this is what is needed 
for the dynamics we will compute only this term. To carry out this task we only need the 
commutation relation of eqs. (12. 7p and (12. 9p and need not include the Ogievetsky fields in 
our computations. 

Let us denote the totally ant i- symmetric part of V by Va and write it as 

i; \ ^ ^ p Tjai...am,Mm „-l \ ^ ^ 17 T3ai...am,Mm r, (O "iV^ 

^-^ m + 1 ^ ^-^ m + 1 

m m 
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where F^,a^,„a^,Mm = F^mi-amWm- We denote the order gP contribution by f£...„^,jv^^, and 
the structure of the algebra is such that only the order zero and the first order in g occur. 
The factors of g^p lead to the matrix functions (e~'^"-^")jv^„^" where {D°')m„^" is in the 
corresponding representation R^. That is F^ai...am,Mm = (e"'^"^")M^^'"-P).ai...a™,7v^- As 
these extra factors involving the scalars just complicate the formulae we will only explicitly 
compute the -F/iai...a„,M„- The scalar factor just converts F^ai...a„,M^ which is in the linear 
representation Rm into Ff^ai...a,n,Mm which is in a non-linear representation of the internal 
symmetry, in fact transforming by a non-linear local subgroup rotation. 

The terms in V^^ are just the field strengths found from the En algebra without any 
deformation and these have been computed in several cases before. We will begin by 
computing these terms for any dimension making use of the notation developed above. We 
use the well known relation 

e-^de^^ ^ i.dA , (2.38) 

where A is a generic operator and the ★-product is defined by 

Ai.B^[A,B] , A^icB ^[A,AP-^i.B] . (2.39) 

We note that 

,Mm T>hl...hn,NnT. J Nn pOl •••dmbl ••• 

[^ai-amMm^ 1^ \ — -^ai...amPm+n ^ > l^-^UJ 

where 

T „ — A fMmNn (0 A\\ 

^ai...amPm+n ~ -^a\ ...am,Mm J Pm+n " \^-^^) 

Using these conventions we may also evaluate 

= {L„,..„^L,,..,Jp^^„^/^i?«i-»-^-"^-'^--^^-+"+- , (2.42) 

where the two L factors are multiplied using matrix multiplication on their internal sym- 
metry indices. 
Denoting with 

g^ = g^ai...a,„,M^rt (2.43) 

and 
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we write 

= Y.^9T)-\97)-'dg^ gT ■ (2.45) 

771 

This expression can be evaluated using eq. fl2.38p . The result is further simplified by using 
the language of forms. We find that 

^ul a N d^^^dx''' ^...Adx^- = {m + l) V ^ . . ' , / 

p,ai...a^,Nm V ^ ^ (^r + 1)! 

ni,...,nr 

dx^ A {(L(^) a ... a a ... a . . . (l(^) a ... a L^'^)}N^'''-d^AN,. ,(2.46) 

where O^^An^ = d^Aa,...a,,Njx''^ A ■ ■ ■ Adx"^ and L^^^K' = Aa,...a^,M^dx^' A- . . Adx"™/^'^™'.. 
The sum being over all integers Up such that m = ni + 2n2 + . . . + (r — l)nr-i + r{nr + 1). 

We now compute the analogous terms at order g^, that is those involving totally anti- 
symmetric indices and En generators. Using eq. (12.91) we find that 



1 _ ( n'^]^^ 

= 9y"i9Ty^-. T^W^-^N .dx'^A.a, a R'^^-^rn-uN^-l <m 

,^ ^ai...am,Mm-'l' 

+c?x^e/P„ . (2.47) 



Further evaluating this expression using the above notation we find that 



^ nil Ur-ll {Ur + iy. 

n\,...,nr 

(r) 



dx^ A A ... A L(i))(L(2) a ... a L(2)) . . . (L^ A ... A LM)}^„^'-W^'-^,_,4X 

A {L(^) A ... A A« J , (2.48) 



where ^^'^]v^ = ^/^ai...a^_i,Af^'^a^"^ A ... A rfx"''^^ and y4j^'^''^ = Aa^M^dx"". The sum is such that 
m = rii + 2n2 + . . . + (r — l)(nr_i + 1) + rn^, there being factors of L^^'' in the first 
term, where r must be greater than 1, and m — 1 factors of L*^^^ in the second term. The 
contribution to the one form field strength consists of the term gA^M^dx^Q^'^R^. 

To summarise this section. We have found all deformations of the form of eqs. 
( 12. 7p to ( I2.12P are determined by the one variable 6^^ and this belongs to the 
same representation as the D — 1 forms, i.e. Rd i, as well as satisfying certain 
quadratic constraints. We have computed the fields strengths that occur in 
the non-linear realisation of the deformed algebra. Thus we have found all 
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the field strengths of all the maximal supergravities in all dimensions. We have 
therefore reduced the computation of the field strengths and gauge transformations of 
gauged supergravities to a purely algebraic construction based on En. 

To conclude this section, we discuss the gauge transformations of the fields. These arise 
in the non-linear realisation as rigid transformations of the group element, g — > g^g, as 
long as one includes the Ogievetsky generators [T7]. In particular, in the massless theory 
the action of 

go = eMaa,...a„,N„R^'-''-^''") (2.49) 

generates a global transformation of the fields of parameter aa^...a„^iv„, and the net effect 
of including the Ogievetsky generators is to promote this global symmetry to a local one 
via the identification 

aai...an,N„ d[a^-^a2...an],Nn ■ (2.50) 

In the massive theory, this is modified due to the fact that the En generators have non- 
trivial commutation relations with the momentum operator. If one acts with go as in 
eq. (12.491) on the group element of eq. (12.341) and uses eq. (12. 9p . passing through e^'"^'' 
generates the term 

eM-9W''-N^_,x^'aa,...a^,N„R''^-^"^''"-') . (2.51) 

Therefore, together with the constant transformation generated by the action of the term in 
eq. (12.491) . the massive theory develops a transformation that is linear in x. The inclusion 
of the Og generators then has the net effect of promoting aai...a„,Ar„ to a local parameter, 
and the gauge transformation of the fields is obtained by taking the global aai...a„,Nn of the 
massless theory and making the identification 

aai...a„,Nn d[a^Aa2,,,a„],N„ " gW^"+^ N„Aai...a„,N„+i (2.52) 

instead of that of eq. (I2.50p . Indeed taking Aq^ . q^ -^^at^ to be at most linear in x this iden- 
tification reproduces the transformations generated by eqs. (12.491) and (I2.5ip . Therefore 
the gauge transformations of all the fields in the massive theory are given by the ones of 
the massless theory, provided that one makes the change 

(?[aiAa2...a„],Af„ ^ d[a^-Aa2...an],N„ - gW^"+' Nn^ai...a„,N„+i ■ (2.53) 
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A special case is the case n = in eq. fl2.52p . for which although the first term on the 
right-hand side is not present, the second term gives a gauge transformation of parameter 



(2.54) 



This determines the way in which all the fields transform under the gauge parameter Ami 
at order g, the field Aai...a„,Af„ transforming as 



a M„ 



(2.55) 



In sections from 3 to 9 we will apply the results of this section to all dimensions from 3 
to 9, showing that in all cases and the D — 1 forms belong to the same representation 
and determining the field strengths and gauge transformations of all the form fields of any 
maximal supergravity theory in any dimension. 

3 D=3 



The bosonic sector of the massless maximal supergravity theory in three dimensions [21] 
describes 128 scalars parametrising the manifold -E'8(+8)/S'0(16) and the metric. This 
theory arises from the Eu decomposition appropriate to three dimensions, corresponding 
to the deletion of node 3 as shown in the Dynkin diagram of fig. [H The 1-form generators of 
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Figure 1: The Eu Dynkin diagram corresponding to 3-diniensional supergravity. The 
internal symmetry group is -EsC+s) • 



Ell that arise in this decomposition belong to the 248 of Eg. The corresponding fields are 
dual to the scalars. There are also 2-form generators in the 1 © 3875, the corresponding 
fields having vanishing field-strength in the massless theory. We will not consider in our 
analysis the 3-forms and all the generators with mixed symmetry. To summarise, we 
consider the form generators 

(248) R""'" (248) i?"i"2,M (3375) i^«i«2 ^ (3^) 
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where a = 1, 248 denotes the adjoint and M = 1, 3875 denotes the 3875 of Eg. 
The Ell commutation relations involving the generators in eq. (13. ip are 

[i?*^!'", i?'*^'^] = g^'^R'"'"'^ + Sl^R"'"^^^ , (3.2) 

where g^^^ is proportional to the Cartan-Killing metric and it is the metric we use to 
raise E^ indices in the adjoint, -D^^^ are the E^ generators in the 3875 and S'^^ is an 
invariant tensor. This invariant tensor is such that 5*^/?"^"^'*^ belongs to the 3875, and 
using the E^ conventions and projection formulae of [22] one deduces that S'?f must satisfy 



the further conditions 



9af3S'^f — 



~ 12 ' 

Indeed S'^ is symmetric in aP, and the symmetric product of two 248 representations is 

[248 248]s = 1 © 3875 © 27000 . (3.4) 

The conditions of eq. ([SJl) project out 1 © 27000 to ensure that S'^f i^^^^^.M belongs to 
the 3875. The Eg metric is related to the structure constant by 



faerfp'aP^f'"' = 2A5]j' + Ug^pg-*' - 20/^„V./ + l^rJfep'' • (3.6) 



while another useful E^ identity is [22 

From the group element 

one derives the field-strengths of the 1-forms and 2-forms. These indeed result from anti- 
symmetrising the various terms in the Maurer-Cartan form, which is computed imposing 
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that the generators in eq. (13.11) commute with momentum. We now consider the defor- 
mations of the algebra of eq. (13.21) resulting from imposing that the generators have a 
non-trivial commutation relation with momentum compatibly with the Jacobi identities. 

We consider the general analysis of the previous section, applied to the three-dimensional 
case via the identifications 

j^ai,Mi ^ j^ai,a 

W^'^M.^W^, . (3.8) 

Eq. (12.191) . resulting from the Jacobi identity of two 1-forms and momentum, reads 

WsSl^ + Wsg""" = e%r^s + e^r"5 . (3.9) 

The embedding tensor 0"/3 has no a priori symmetry, and thus is in the representations 
generated by the symmetric product of two 248 given in eq. (13.41) together with those 
generated in the antisymmetric product 

[248 ® 248] A = 248 © 30380 . (3. 10) 

We now show that eq. (13.91) rules out the possibility that the embedding tensor is 
antisymmetric. Using eq. (13.31) one derives from eq. (13. 9p the condition 

<d%r^ + Q^P'^s - ^g^^Q^pP's + ^Q\P'5UVfep^ + = . (3.11) 

Taking O antisymmetric and contracting jS and 6 this equation gives 

f-PiQ^^ = , (3.12) 

which rules out the 248. Using this and contracting eq. (13.111) with /^-^^ one then shows 
that the antisymmetric part of O vanishes completely, thus ruling out the 30380 too. The 
fact that the 248 is ruled out also implies 

iy„ = , (3.13) 

as can be seen contracting a and /3 in eq. (13. 9p . 
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We thus take O to be symmetric, which corresponds to the representations in eq. (13.41) . 
The tensor W^a has indices in 3875 ® 248, and this leads to the irreducible representa- 
tions 

3875 ® 248 = 779247 © 147250 © 30380 © 3875 © 248 . (3.14) 

Therefore W^^ a is not along the 27000. From eq. (13. 9p it then follows that taking B to 
be in the 27000 one gets 

(e%)27000rt + (6^)27000^"^ = , (3.15) 

which is inconsistent because it is the condition of invariance of G. Therefore the 27000 
is also ruled out. The invariant tensor S^^ satisfies 

S'^jSa/BN = SmN , (3.16) 

where 6mn is the invariant tensor in the product [3875 © 3875] s, and using this and eq. 
(I3.13P one can invert eq. (13.91) to get 

= 2e%rt'^aJ , (3.17) 

that implies that W^a is in the 3875. 

We have thus shown that the algebra can only be consistently deformed if the embedding 
tensor belongs to 1 © 3875. In the case of the singlet deformation, vanishes and 
indeed eq. (13. 9p becomes the invariance of G, which is the Cartan-Killing metric in this 
case. Therefore our results reproduce the constraints on the embedding tensor found using 
supersymmetry in [2]. We now show that also the quadratic constraints of [2] follow from 
the consistency of the deformed En algebra. These come again from the general analysis 
of the previous section. In particular, given that G is symmetric, both eq. (12.270 for n = 2 
and eq. (12.280 give the same constraint, which is 

G%[/^'5G^'' + /%G^^] = . (3.18) 

This is the condition that the embedding tensor is invariant when projected by the embed- 
ding tensor itself, and corresponds to the condition that the embedding tensor is invariant 
under the subgroup of Eg which is gauged. 

Here we have considered the Jacobi identities involving the 1-form and 2-form gener- 
ators, but one can show that also the Jacobi identities involving the 3-forms close if one 
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considers the deformations arising from the embedding tensor in the 1 © 3875, and more 
generally the whole En algebra can be deformed consistently introducing this embedding 
tensor. 

In section 2 we have given a general procedure to compute the field strengths in any 
dimension. This is expanded in appendix B. In the three-dimensional case, from the group 
element in eq. (13. 7p and the commutators derived in this section one then obtains the field 
strength for the 1-form, 

Fab,a = 2[dlaAbla + ^qQ" 5 f\A[a,(3Abl^ + gW^\Aab,M] , (3-19) 

transforming covariantly under the gauge transformations 

6Aa,a = daAa ' gQ" 5 f\A,3Aa,y ' 9W'\K,M 

5Aab,M = d[aAb]^M + -5*^^ SfaA^Af,]^^ — qQ^ aD^j^ A/sAab^N 

-|5^fW^^aA[a,7V^],/3 , (3.20) 

where D'^j^ are the generators in the 3875. Given the results in this section, we can also 
compute the field strength of the 2-forms up to the term involving the 3-form. The result 
is 

Faxa2az,M = 3 [c?[a^ Aajagj^^f + — S'j^^9[aj Aa2,a^a3],/3 + 9 A[aia2,N Aa^-^^a^^ pS 
+ g^[ai,a^a2,/3^a3],70"5/'^^(T'S'2^ ] 

+|A[,,,„A,„^A,3],^e"5/'''1 . (3.21) 

To prove the gauge covariance of these field strengths of the 2-forms one must include the 
3-forms and determine their gauge transformations. 

To summarise, we have obtained the field strengths and gauge transformations of any 
gauged maximal supergravity theory in three dimensions. These field strengths satisfy du- 
ality conditions. In particular, the field strengths of the 1-forms are related to the derivative 
of the scalars, while the field strengths of the 2-forms are related to the embedding tensor. 



4 D=4 

In this section we consider the En decomposition relevant for the four- dimensional theory. 
The corresponding Dynkin diagram is shown in fig. [2l The global symmetry of four- 
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dimensional massless maximal supergravity [23] is Eji^j^jy This symmetry rotates electric 
and magnetic vectors, and as such it is not a symmetry of the lagrangian, but only of the 
equations of motion. This is in agreement with E\i, in which fields and their magnetic 
duals are treated on the same footing. 



O 11 



o — o — o — ^ — o — o — o — o — o — o 

123456789 10 
Figure 2: The En Dynkin diagram corresponding to 4-dimensional supergravity. The 
internal symmetry group is Eji^j^j^ . 



The bosonic field content of the supergravity theory contains 70 scalars parametrising 
the manifold -E'7(+7)/S'f/(8), the metric and 28 vectors, that together with their magnetic 
duals make the 56 of Ej. En contains the corresponding generators, together with 2-form 
generators in the 133 of i?7, whose corresponding fields are dual to the scalars, 3-form 
generators in the 912, together with 4-form generators in the 8645 © 133 and an infinite 
number of generators with mixed symmetry in the spacetime indices. Summarising, the 
form generators are 

(133) i?'^'^^ (56) (133) i?«i«2a3,A (^g3^2) (8645 © 133) ,(4.1) 

where a = 1, 133, M = 1, ...,56 and A = 1, ...,912. The a(3 indices of the 4-form are 
antisymmetric, which indeed corresponds to the reducible representation 8645 © 133. 
The Ej algebra is 

[r^^rP] = pP^Ri ^ (4.2) 

where /"^-^ are the E-j structure constants. We also introduce the generators Df^^ in the 
56, that satisfy the commutation relation 

The M indices are raised and lowered by the antisymmetric invariant metric that is 

for a generic object in the 56 we have 

V^Af^^Afiv^^ V^,^ = V^n^M , (4.4) 
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which imphes 

n''^nj,p = -6^' . (4.5) 

Raising one index of the generator -D^^ one gets 

which is symmetric in MN. 

We now write down the rest of the algebra. The commutators between the scalars and 
the other generators are dictated by the Ej representation that the generators carry. In 
particular for the 1-form one has 

and for the 2-form 

The other commutators are 

|^^ai,M J^a2a3,aj _ ^Ma j^a\a2a3,A 
]^j^a\a2,oi ^0304, /3j j^a\...a4^,aj3 

where we have introduced the two Ej invariant tensors 3^°" and C^"^, the last one being 
antisymmetric in a/5. Following [3], we are using the metric 

to raise and lower indices in the adjoint. This metric is proportional to the Cartan-Killing 
metric, as can be seen from 

W"^' = -35^ • (4.11) 

A summary of the conventions for Ej and Eq is given in appendix A. The Jacobi identity 
involving three 1-forms produces the condition 

^(AfiV^P)a^Q , (4.12) 



and 5^^" also satisfies 



i^a,M^^r = , (4.13) 
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which can be deduced from the fact that there is no singlet in the tensor product 56 ® 912. 
Contracting eq. (14.121) with D^p gives 

5*^" + 2(D"Da)jv*'5j^ = . (4.14) 

As will be described in detail in appendix A, the conditions of eqs. (14.13^ and (14. lip project 
the Ma indices of 3^°" along the 912. Indeed, the only way of building an invariant from 
tensoring a 912 index with the product 56 ® 133 is that this product is projected on the 
912. The Jacobi identity between R"^^^ , R^'^ and R'"^'°' gives the condition 

+ + = . (4.15) 

One can check that also all the other Jacobi identities are satisfied. We also define the 
invariant tensor Qab in the antisymmetric product of two 912 representations, using the 
relation 

SX''SMaB=nAB , (4.16) 

and we use Qab to raise and lower indices in the 912, adopting conventions analogous to 
those of eq. (lO) . 

Writing down the group element 

one determines the field strengths of the massless theory by antisymmetrising the spacetime 
indices of the various terms in the Maurer-Cartan form, and the field equations of the 
supergravity theory arise as duality relations. In particular, the field-strength of the vector 
satisfies self-duality conditions, while the field-strength of the 2-form in dual to the scalar 
derivative. The field-strengths of the 3-forms vanish in the massless theory. In deriving 
the field strengths of the massless theory one takes the positive level En generators to 
commute with momentum. In the following we will consider the deformation of the En 
algebra which results from modifying the commutation relations of the En generators with 
momentum compatibly with the Jacobi identities, following the general results of section 
2. 

Applying the general analysis of section 2 to the four- dimensional case, one makes the 
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identifications 

^ar...a^,MA _^ j^a^...a,,a/3 W^^M; ^ W"^ A ■ (4.18) 

Eq. f l2.19p , arising from tlie Jacobi identity between two 1-forms and momentum, reads in 
tliis case 

l^("2)pD^^ = 2X(*^^V , (4.19) 

wliere 

X^N^^QM^aN ^420) 

Using eq. f l4.10p . from eq. f l4.19p one gets 

W^,)M = -2Dl,'^D%pQP^ . (4.21) 

Eq. (12.161) for n = 2, whicli is the condition tliat tfie Jacobi identity involving the 1-form, 
the 2-form and momentum is satisfied, reads 

^rW^(3)/3 = -^^(2)^^?"^ + 0f • (4.22) 

This has to be compatible with the conditions of eqs. fl4.13p and fl4.12p that 5* satisfies. 
The first condition gives 

2e^^D^,M^D^^ + - X^^^mD^,^^ = , (4.23) 

while the second is identically satisfied. If we then contract this last equation with Dp^ 
we get 

= e^Z?^^ = , (4.24) 
and plugging this into fl4.23p and comparing with fl4.2ip one obtains 

W^(2)M = -e^, . (4.25) 

Substituting this in eq. fl4.19p gives 

X(^^^^) = , (4.26) 
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and contracting this with Da,NP gives 



ef = -2D„,^^0j^D^^ . (4.27) 

The two conditions of eqs. fl4.24p and (14.271) project the embedding tensor to belong to 
the 912 of E-j. Therefore we have shown that En produces all the linear (or representation) 
constraints on B^^. The Jacobi identities at the next level then give 

W;i^A = -2e^MSA'^ . (4.28) 

The embedding tensor also satisfies quadratic constraints that follow from the general 
analysis of section 2. In particular eq. (I2.28p . resulting from the Jacobi identity involving 
0^i?", i?"'^^ and momentum, together with eq. (I2.27P for n = 2, resulting from the Jacobi 
identity involving the 2-form and two momentum operators, and which reads in this case 

^MNQ^e^ = , (4.29) 

imply that the quantities (X^^)^p are the generators of the subgroup of Ej that in gauged. 
This analysis thus exactly reproduces all the constraints of [7J . It is important to stress that 
from Ell all the constraints arise from imposing the consistency of the deformed algebra. 

To summarise, the Jacobi identities impose that the commutators of the deformed En 
generators with momentum are 

[pai...a4,a/3^p^] ^ 2(?e£^^^^5^^"'""'^'^ . (4.30) 

From these commutators, as well as the En commutators of eq. (14.91) . and using the group 
element in eq. (14.170 . one determines the field strengths and gauge transformations of the 
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fields. The result is 

Faia2,M — '^[d[aiAa2],M — gQ'M^aia2,a + ^^[ai,NAa2],P^^^ m] 

Faia2a3,a = 3[9[a^ Aaja.j^j.a + -d[aj^Aa2,M^a3],ND^^ + Q S^j j^^Q'^D^^ + a) Aaia2a3,A 

Fai...a4,A = 4:[d[aiAa2a3a4],A ~ S^'^d[aiAa2a3,aAa4],M ~ -^D^ S^"" d[aiAa2,M Aa3,N Aa4],P 

—'^g^MS^^^Aa-i^^^^a4,al3 — Q^Mai'^N^^^^ + is) A^aia2a3,BA.a4],P 

9 cva oMa A A i ^ «a Q^l^ A An 

2^M*-'A ^[aia2,a^a3a4],l3 "T ^^P^P '^A ^[0102 ,0^03 ,M«a4], AT 

--^^^^ RDa^S^'^A^ai,M^a.2,NAa3,pAa4^]^Q] , (4-31) 

transforming covariantly under 

SAa,M — 0,a,M — 9^^^ M^nAa^p 
1 

2 



^Aa^a2,a — ^0102,0 + ^-^a ^[oi,M^a2],Ar 9^ j3 f^^ aAaia2,'y 



A A — r, _L Q^'^r, A ^ oMa riNP a An 

"^010203, A — "010203, A "T 'Jyl "[ai,M^a2a3],a 5 " ^[ai,M^a2,A''"a3],P 

-5'Q^-OA^-^M^aia2a3,B 

'^^ai...a4,a/3 — ^[01-^020304], a/3 ~l~ 2 ^["1^2,0^0304], /3 ~l~ ^a/3 ^[oi,M^020304],j4 

-l^D^^C^f/'S^"' A^ai,M^a2,NAa3,paa^l^,Q + |-D^^/l[aja2_^]yla3^Mao4],iV 
+2^ef/^^[„AMA„,...„„;3]7 , (4.32) 

where D'X^ are the generators in the 912 and the parameters tta^M, ctoi02,a ^"^^ 0-010203,/! 
are defined in terms of the gauge parameters as 

a,a 

'^0102, a = d[ai^a2],a ~ g^M/si^N^a + ®7 f^^ a) -^0102, A 

^010203, A = ^^[01-^0203], A + '^9^M^A ^-^010203,0/3 ■ (4.33) 

These are the field strengths and gauge transformations of any gauged maximal super grav- 
ity theory in four dimensions. 
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5 D=5 

We now consider the five- dimensional case. The bosonic sector of the maximal massless 
supergravity theory in five dimensions [21] contains 42 scalars parametrising the manifold 
Ee(+e)/USp{8), the metric and a 1-form in the 27. This theory arises from the decompo- 
sition of Ell appropriate to five dimensions whose Dynkin diagram is shown in fig. [3l The 
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Figure 3: The En Dynkin diagram corresponding to 5-dimensional supergravity. The 
internal symmetry group is -EeC+e) • 



form generators up to the 4-form included that occur in this decomposition of En with 
respect to GL{5,M.) O Eq are [13] 

i?" (78) i?"'*^ (27) R'^^M (27) i?"^'^'" (78) R''''^\n (351) , (5.1) 

where R", a = 1, ... ,78 are the Eq generators, and an upstairs M index, M = 1, ... ,27, 
corresponds to the 27 representation of i^g^ a downstairs M index to the 27 of Eq and the 
4-forms are antisymmetric in MN, thus belonging to the 351. The commutation relations 
for the Eq generators is 

[R'',R^] = p/^^R-f , (5.2) 

where /"^-^ are the structure constants of Eq. The commutation relations of R°' with all 
the other generators is determined by the Eq representations that they carry. This gives 

[DO Tjab ] / rici\ N Tjab 

[K ,n m\ — —[U )m rC TV 

r DO Tyabcd i / nQ\ P ryabcd /" 7~i«N P -ryabcd /r q\ 

[n ,n mn\ — —[-Ly )m -K pn — )n ^ mp , lo-Jj 
where {D'^)n^^ obey 

[D^D^]M^ = r^(I^^)M^ . (5.4) 
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The commutation relations of all the other generators are 

r Tjab T->cd 1 Tyabcd 

[n M, -ti N\ — -tt MN 

where d^^^ is the completely symmetric invariant tensor of Eq and (7"^ is defined by the 
relation 

^M^^*" = 9^^ (5.6) 

and is thus proportional to the Cartan-Killing metric of -Eg, and is the metric that is used 
to raise and lower indices in the adjoint (we are using the conventions of that are 
summarised in appendix A). Another useful identity is 

/a/3,r^' = -45^ , (5.7) 

where /"^t are the structure constants of E^. 5*"^'^'^^ is also an invariant tensor, antisym- 
metric with respect to MiV, and the Jacobi identity between two 1-forms and one 2-form 
gives 

^^^^Dg^^S'^^)'*^^ = -^^Jj^'rf^l^^ . (5.8) 
Using the fact that d^^^ is completely antisymmetric one derives from this the condition 

go.pDl,''S^''^'^ = Q . (5.9) 

One can show that all the Jacobi identities involving the generators are satisfied using the 
commutators listed above [13]. 

We now show that 5'°*^'^'^ is proportional to Dq^^ d^^^'^ and determine the coefficient 
of proportionality. We introduce the invariant tensor (Imnp in the completely symmetric 
product of three 27 indices, that satisfies [1] 

d''''''dMNQ = S^ . (5.10) 

Observe that the normalisation used here differs from the one used in \TU\ , where the same 
contraction produced the delta function with a factor 5. This simply corresponds to a 
rescaling of d by \/5. In appendix A we derive the useful relation 

= J« + - ^rf^'^^rfM^ • (5.11) 
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Using this relation one shows that eq. (15.81) imphes 

Notice that this relation differs from the one in [16] because of the different conventions 
used in that paper. In particular in [16] the generators were normalised in such a way that 
the first coefficient in eq. 05.111) was equal to 1. Contracting eq. fl5.8l) with Dp^ and using 
eq. (I5.12P one finally gets 

5'^W+3^^,^^^^M^^Q,iVP^Q . (5.13) 

As we will describe in detail in appendix A, the conditions of eqs. (15.91) and (I5.13P are 
the conditions that the indices aM in S""^^'^^ are in the 351. Indeed, given that the NP 
indices are antisymmetric and thus form the 351, the only way of building an invariant 
tensor from tensoring this with the product 27 ® 78 is to project this product on the 351. 
Later in this section we will derive from En the same projection rules for the embedding 
tensor. 

From the group element 

„ p aMN nai...ti4 . naianao.a aM A , , Ra,M J, f/a ,_ ^ 

g = g^^g^ai...a4"AfJV g-^oi a2 03 ,a « i ^ J ^^a^a^^M g-^a,A/rt g<Pa« ^ (5.14) 

one can compute the Maurer-Cartan form using the fact that the generators commute with 
momentum in the massless theory. The complete antisymmetrisation of the indices leads 
to the gauge- invariant field-strengths of the massless theory obtained in |13j . 

We now consider the deformed case. This was analysed in detail in [T7], where it was 
shown that introducing the Ogievetsky generators and deforming the algebra one obtains 
the field strengths of all the fields and dual fields of the gauged maximal five- dimensional 
supergravity which had been previously obtained in [16]. We now only concentrate on 
the deformed Exi generators, as we do in all other cases in this paper, which is all one 
needs to determine the field strengths of the massive theory. This is completely consistent 
if one simply assumes that the indices are antisymmetrised, and indeed the completely 
antisymmetric part of the Ogievetsky generators vanishes. As it is clear from the discussion 
in section 2, considering only the constraints coming from taking into account the deformed 
Exx generators is enough to determine the whole deformed algebra. The following analysis 
thus determines all the possible massive deformations of the algebra of eq. (15.51) . 
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The general analysis of section 2 can be applied to the five- dimensional case making 
the identifications 

^aia2,A/2 ^ W^^^N, ^ WmN 

^a,...a4,M4 ^^ai...a4^^^ W""'' M, ^ W^^)MNa ■ (5.15) 

The Jacobi identity among two 1-forms and momentum gives eq. (12. 191) . which in this case 
is 

rf^'^^H^QP = 2X(*^^)p , (5.16) 

where as usual 

X*^% = 0^^D^^ . (5.17) 
Contracting with (Imnr one then gets 

Wrp = 2dMN[RQa Dp]^ — dup^X'^'^^ M , (5.18) 

where the first term is antisymmetric and the second is symmetric in RP. The Jacobi 
identity involving the 1-form, the 2- form and momentum gives eq. (12.161) for n = 2, which 
is 

while the Jacobi identity involving two 2-forms and momentum gives 

W^^)MN = WmpD%'' - WnpDI/ (5.20) 
and the Jacobi identity involving the 1-form, the 3-form and momentum gives 

W^iiVP-^f = ef - W(l^^D,^^'' . (5.21) 
Substituting W^^-^mn given in eq. (I5.20p in this last equation and contracting a and 7 gives 

2iy^Q/^.,P«5"*^'^^ = -W(;^^D^^N^ , (5.22) 
and using eq. (15.191) . as well as eqs. (15.121) and (15. lip , one obtains 

WMNd^''''' = . (5.23) 
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From eq. fl5.19p one can deduce that this imphes 

= D,"/e*^ = , (5.24) 
so that from eq. (15.181) one gets that Wmn must be antisymmetric, that is it belongs to 



the 351. This also implies that 
and substituting everything in eq. (I5.2ip one gets 



W.%^ = e^ , (5.25) 



/"^e^ - D^«e:^ = 2Dl,^Wp^gf,,S^^'^''^ , (5.26) 



where Wmn is in the 351. If was not along the 351 this equation would be inconsistent 
because it would imply the invariance of G under Eq. Therefore the embedding tensor has 



to belong to the 351. To determine this more rigorously, we now show that eq. (I5.26P 
leads to the projection for 6 analogous to that in eq. (15.131) . Contracting eq. (15.261) with 
Dq^ gives 

fQ^ + {D,D%^Q<^^=^Wr,pS^'^^ , (5.27) 
while contracting it with fa-ys gives 

Ae^+{D,D%^e^^=fw,,pS^''^^ , (5.28) 

and combining these two equations one gets 

+ ^(D,D%^e« = o . (5.29) 



This equation, together with eq. (15.241) . projects the embedding tensor on the 351. 

The embedding tensor also satisfies quadratic constraints, as discussed in complete 
generality in section 2. The Jacobi identity between B*^-R°, R""'^ and Pb gives 

e^^ej^r^ - e^x^^% = , (5.30) 

while the Jacobi identity between the 2-form and two momentum operators gives 

eaWMN = . (5.31) 

Combining these two conditions one obtains the condition that the embedding tensor is 
invariant under the gauge group, which is the subgroup of Eq generated by R^. 
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To summarise, we have shown that the Jacobi identities constrain the commutators of 
the deformed En generators and momentum to be 



[R'''-'''MN,Pb] = -2gWiM\p\D%ft'R'''''''''^o. ■ (5.32) 

From this commutators, as well as the En commutators of eq. flS.Sp . and using the group 
element of eq. fl5.14l) . we determine the field strengths of the fields using the general results 
of section 2. The result is 



M aN 

130-4] 



These are the field-strengths of the five-dimensional gauged maximal supergravity [16] . 
One can also derive the gauge transformations of the fields from the non-linear realisation. 
The result is 



XAM _ a rl^^Pj^r,\ VNM aP 



-gAMQfr^.Al 



0203 



r/,MAf o .MN I ^ JM .ATI qPP,MN 

(>^ai...ai - OiaAa^a^ai] + 7^«[aia2 ^a3a4 + '^[ai,pAa2a;ai]9af3i> 



14], 5*^^ 

2^ApX^[^^Q<l«,, , (5.34) 



-^^a^^,,pA^,,QA^,,pA^,^,sd''^^D-^^^^^^ 
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where the parameters aa,M, '^^02 '^110203 defined in terms of the gauge parameters 



as 

aa,M = daAn + gWMN^a 



a 



aia2 "^[ai^aa] ~ 9^ a ^ajaa 
a a. A Cf o „TJ/ na P A MTV 



aaia.a, = d[aiKa,] ' 2gWMpD'^^^ A^ga, ■ (5-35) 

We also compute the field strength of the 4-form up to a term involving the 5-form, the 
result being 

QcaR,MNr, aP A A J-^fl aI^'^ A^^ 

~2 aP (y[ai^a2a3'^a4,Q^a5],R+ -^0[ai^a2a3^a4a5] 

-'-e^^D,,p<^S^^'^^^A^^^^^^A^,,QA^,^^^^ 

-|x^«^d^^^D,,v^^^^'*^^A[,,pA,,,QA,3,«A,„5A„3],T] . (5.36) 

In order to compute the complete field strength for the 4-form one should consider the 
contribution of the 5-form generators in the deformed algebra. 

6 D=6 

In this section we consider the six-dimensional case. The symmetry of the massless maximal 
supergravity theory in 6 dimensions [25] is 5*0(5,5), and the bosonic sector of the theory 
describes 25 scalars parametrising 5*0(5, 5)/ [5*0 (5) x 50(5)], the metric, a 1-form in the 
16 and a 2-form in the 10, whose field strength satisfies a self-duality condition. From 
Ell this theory arises after deleting node 6 in the En Dynkin diagram, as shown in fig. HI 
From the diagram it is manifest that the 1-forms belong to the spinor representation. 

The positive level En generators with completely antisymmetric spacetime indices that 
arise in six dimensions, without considering the 6-forms, are 

R^^^ (45) i?"'" (16) R^l^2,M ^^Q^ J^aia2a3,a ^^q^ 

j^aia2a3a4,MN ^^^-^ j^ai...as,Ma (^Yii) , (6.1) 
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o — o — o — o — o — ^ — o — 6 — o — o 

123456789 10 
Figure 4: The En Dynkin diagram corresponding to 6-dimensional supergravity. The 
internal symmetry group is SO {5, 5). 



where M = 1, . . . , 10 is a vector index of SO{5, 5) and a, a — 1, . . . , 16 denote the two 
spinor representations of 5'0(5, 5). The scalar generators R^^ and the 4-form generators 
j^aia2a3a4,MN antisymmetric in MN and thus belong to the 45 of SO {5, 5). Note that 
the 1-form generators belong to the 16 of SO {5, 5), which is denoted by the a index, as 
they belong to the representation complex conjugate to the one of the vector fields. The 



2-forms belong to the 10, the 3-forms belong to the 16 and the 5-forms to the 144. 

It is useful to list the conventions for the 5*0(5, 5) Gamma matrices that we are using. 
In particular, we are using a Weyl basis, so that the Gamma matrices have the form 

^m,a' = f ° . 1 , (6.2) 



where A — 1, 32. They satisfy the Chfford algebra 

{Fm, Tat} = 2riMN (6.3) 
where r]MN is the Minkowski metric. The charge conjugation matrix is 

C -[c,, J , (6.4) 
which is antisymmetric and unitary, that is 

and 

Clf^-^^Sl Ci^C^^^Si , (6.6) 

and satisfies the property 

CFmC^^-TI . (6.7) 
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In this section we will make use of various Fierz identities, the most relevant being 

(CTm)^"^!*'^^) = (CTA/)(^^r^'',^) = , (6.8) 

which is the well-known identity of Gamma matrices in ten dimensions. The 5-form gen- 
erators satisfy the constraint 

^ai...a5,Map^^^d = , (6.9) 



which indeed restricts them in the 144 of 5*0(5, 5). 

We now analyse the commutation relations. The 5*0(5,5) algebra is 

while the commutators of the 50(5, 5) generators is 

^j^MN^ ^afe,P] ^ ^MPj^a,,N _ ^NPj^ab,M 

and similarly for the higher rank generators. The commutators of the positive level gener- 
ators of eq. (16. ip are 

^j:^aia2,M j^a3a4,N'^ j^ai...a4,M N 

j^^aijQ ^ci2i3i4iCfj ^ ^^-p ^^^^aa j:^ai...a4,MN 

l^^aijO -p^a2...a5,M N'^ pfA/ a j^ai...a5,N]a 

^j^aia2,M ^030405, Qj _ _}^j^ai...a5,Ma 

One can show that all the Jacobi identities are satisfied. From this algebra, one can write 
down the group element 

^a.^.^^mR"^"^-"'' ^A,,c.R''-" ^'PmnR''''^ (6.13) 

and compute the Maurer-Cartan form. The field strengths of the massless theory are 
then obtained antisymmetrising the spacetime indices of the various terms in the Maurer- 
Cartan form, and the field equations of the supergravity theory arise as duality relations. 
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In particular, the field-strength of the vector is dual to the field-strength of the 3-form, 
while the field strength of the 4-form is dual to the derivative of the scalars. The 2-forms 
satisfy self-duality conditions, while the field strength of the 5-form vanishes in the massless 
theory. In deriving the field strengths of the massless theory one takes the positive level En 
generators to commute with momentum. In the following we will consider the deformation 
of the Ell algebra which results from modifying the commutation relations of the En 
generators with momentum compatibly with the Jacobi identities. As already shown in 
other cases these deformations exactly coincide with all the possible massive deformations 
of the corresponding supergravity theory. 

We thus consider all the consistent deformations of the massless algebra. Restricting 
the general analysis of section 2 to the particular case of six dimensions, we write the most 
general commutators of the first three positive level En generators with momentum as 

where G is antisymmetric in MN. It turns out that the Jacobi identities involving these 
operators are enough to restrict the representation of G completely and to determine W(^2) 
and Vr(3) uniquely in terms of G. This is what we are showing now. As done already in other 
sections for different dimensions, we can assume that the upstairs spacetime indices are 
all antisymmetrised when we compute the Jacobi identities. Indeed, the terms which are 
not completely antisymmetric are cancelled by deforming the En commutation relations 
in terms of Og 1 operators. The details of this mechanism were shown in p!7] for various 
examples. In this paper we are only interested in the part of the algebra which is relevant 
for the determination of the field strengths, and thus we do not need to determine the part 
of the deformation which involves the Og generators. 

The Jacobi identity between two 1-forms and momentum gives the relation 

(CT)"^W^(^, = -irM^/G'^'*'^^-^rM^/G°'^^^ , (6.15) 

while the Jacobi identity between the 1-form, the 2-form and momentum gives 
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The antisymmetry of in MN in the last equation imphes 

1^(3^ = C^""W^(2)« , (6.17) 

as can be shown taking the part of eq. (16.161) which is symmetric in MN , and therefore 
does not contain G, and suitably contracting with Gamma matrices. Eq. (16.161) thus 
becomes 

and substituting this back in eq. (I6.15P gives 

Using the Fierz identity of eq. (16. 8p one can show that this equation implies 

rM,/Vr(2)a = . (6.20) 

This analysis shows that the most general deformation of the algebra is encoded in the 
embedding tensor 

0f = -W^%^ (6.21) 

which belongs to the 144. This is exactly the embedding tensor of the maximal supergrav- 
ity theory in six dimensions [8], and this analysis shows again, as in any dimension, that 
the linear (or representation) constraint of the embedding tensor is completely encoded in 
the (deformed) En algebra. 

One can determine the commutation relation of the 4-form and the 5-form with mo- 
mentum requiring that all the Jacobi identities close. The final result is 

All the quadratic constraints on the embedding tensor result from the Jacobi identities 
involving a positive level En generator and two momentum operators, as well as the Jacobi 
identities involving a positive level En generator, the momentum operator and the scalar 
operator Rmn^^ ■ 



36 



It is straightforward to compute the field strengths from the algebra above, using the 
general results of section 2 and appendix B. The field strength of the vectors is 

Fa,a.,a = 2[a[„,^„,],^ - qQ^ A,,,,,m + {Cr'^f'^r mnJ A^^^^^A^^^^^] , (6.23) 

the field strength of the 2-form is 

Faia2a-i,M = 3[l9[a^ Aa^as.Af + 2 (^"'^*^)"^'^K^"2,a^03],/3 ~ 9C'^°'Q MaAaia2a3,a 
—g{CT M^^^Q^ A[aia2,NAa3],a 

+j^{crMNPrHcr''r'Q!AauaA2,p^as]A , (6-24) 

the field strength of the 3-form is 

Fai...a4,a 4[9[(ijyla2...a4],Q Tq. ^^[ai^a2a3,M^a4],o 

-g (CTM)"^r^^5[ai^a2,d^a3,/j^a4l,7 + '^9^a°'^^^ai...a4,MN 
+gC^^Q^rM,a°'A^aia2a3,pAa4],a ~ ^^T^a"' ^[aia2,MAa3a4],N 



_9_ 
48 

and the field strength of the 4-form is 



^(^r^)-ef(crMivp)^^r^^>i[„,,<,A„^^^A„3,^A„^,_^] (6.25) 



^ai...a5,MAr — ^[dya^Aa^.^a^lM N + ^(CTMAr)""^[ai,d<9a2^a3a4a5l,a — 2 ^[aia2,[M<9a3^a4a5],Af] 
+ ^{CT mNpT^ A^auaA^2,^^asAa^a^^ 



4-4! 



ai.-.as, [MaC'""6iv]d + -^A 

ai...a5,Poi 

(crMiv)""e^ 

a2...as],PQ 

— I {CTmNP ) "^C""^ 6:^74 ^a^^^ ,/3^a3a4a5] ,a 
- 1 (CFmAt) ""T^'^©? ,aAa2a3 ,P ^405] ,Q 
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Using the general results of section 2 that are summarised in appendix B we also determine 
the gauge transformations of the fields under which the field strengths above transform 
covariantly. The gauge transformation of the 1-form is 

5Aa^^ = aa,a ' ^a'^'^T mn/ A^^^ , (6.27) 

the gauge transformation of the 2-form is 

-{CTMT^Ala^^aa^^]^^ + 2aM^Aa^a2,N , (6.28) 

the gauge transformation of the 3-form is 

— -a^'^^TMN,a'^Aaj^a2a3,f3 , (6.29) 

the gauge transformation of the 4-form is 

SAai...a4„MN = (lai...a4,MN ~^ 2^[''i''2,[Af 'J^a3a4],Af] ~ '^{CT M n)°^'^ A^aia2a3,a0^a4,],a 



iCTMNp f^CT''fA^a,,aA2 sA 



+ ^('^r[M)"^^[aia2,Af]^a3,daa4],/3 + 4a[M^^ai ...a4,|P|7V] (6.30) 

and the gauge transformation of the 5-form is 

<^^ai...a5,Ma = dya^A.a2...a^\,Ma ~ 2 ^[111203, 0*^04(15], Af ~ '^^'^ A]^ai...a4„MN(^a^j],a 

— -^a'^A[aia2,M^a.3ai,Na.a5\,a + ^ _ g, (CTAr)^^r^"y4[a^a2,A^^a3,d^a4,/3"a5],7 
+ J7^(CTM7Vp)^"r^"(CT^)'^M[a,,c.^a2,/3^a3,7^a4,5"«5],^ 

— -'^^"^rArp,a^^ai...a5,A//3 + 2aM^^ai...a5,Ara 5 (6.31) 

where the parameters a are given in terms of the gauge parameters A according to eqs. 
f l2.52p and (I2.55p . which in the six- dimensional case are 



aa,a = daAa + 9^"^ K., 



M 



•^0102, M — dyaT,Aa2\,M + QC'^'^Q MaAaia2,a 
0-010203, « f^[ai-''-a2a3],« ^{J^ a ^ a <iio.20-3 N 

ai...a4,Pa 

(6.32) 
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One can easily determine also the field strength of the 5-form (up to the term containing 
the 6-form potential) using the formulae in appendix B. 



7 D=7 

The multiplet describing massless maximal supergravity theory in 7 dimensions [26] has a 
bosonic sector containing 14 scalars parametrising SL{5,M.)/ S0{5), the metric, a 1-form 
in the 10 and a 2-form in the 5 of SL{5, M). This theory results from En after deletion of 
node 7, as shown in the Dynkin diagram of fig. [51 One can see from the diagram that the 
1-forms carry two antisymmetric indices of SL[5,M.). 
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Figure 5: The En Dynkin diagram corresponding to 7-dimensional supergravity. The 
internal symmetry group is SL{5, M). 



The positive- level Eu generators with completely antisymmetric spacetime indices and 
up to the 6-form included are 

(24) i?"'*^^ (10) R'^'^'m (5) /2'^l'^2a3,M j^a.a.a^a,^^ ^^0) 

Jia,...a,,M^ (24) R^'-^'mN,? (40) i?«l-«6,MiV ^^^-^ ^ 

where M = 1, ...,5. The scalar generators and the 5-forms are in the adjoint of 5^(5, M) 
and thus satisfy R^^ m = -R"^ ' "^'*^m = 0. The 1-form and the 4-form are antisymmetric 
in MN. The 6-form R""^'"""^ mn,p is antisymmetric in MN and satisfies R'^'^'"'^^[mn,p\ = 0, 
which corresponds to the 40 of S'L(5,]R). Finally, the 6-form ]^°-i-°-6,MN jg gyiximetric in 
MN., corresponding to the 15 of SL{b.,M). 
The scalars generate S'L(5,M), 

[R^' N-, R^q] = ^nR^^Q - ^qR^n , (7.2) 
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while the commutators of the other generators with the scalars are 

[R'^'n, R'^'p] = -S^R'^'n + \s^R'"'p (7.3) 

and similarly for the higher level generators. 

The commutators of the positive level generators in eq. (17. ip are 

^j^ai,MN ^a2,PQj _ ^MNPQRj^aia2 ^ 
^j^ai,MN j^a2a3a4,Pj N PQR j^ai...a4 



QR 

M 

|'^aia2a3,M ^040505, Afj _ j^ai...a6,MN 
rpaia2 003. ..ae 1 pai.-.ae 

|-^ai,MAf ^a2...ae,Q ^-j _ ^MNQRS j^ai...ae ^ ^[1^ -p^ai...a6,N]Q (7 4) 



To prove that all the Jacobi identities close one makes use of the identity 

r[Ml...M5 
'[N1...N5] 



If one considers the group element 

„ p A Da-i ...afi,MN A^'^N^P r?ai...afi _ A N Da^ . . .ar:,,M aMN pai.-.a^,^,^ 

g — ga;-_PgAaj...ag,M]V-K ^ °' g^ai...ae-K ^ " Af ]V,P g^^-^ . . .ag ,M -K =>' JV g^aj^ . . .04 ^ * AI JV 

4 .,R"-ia2a3,M aM r,'^l'^2 a ,,,,Rti,AfJV ^.,,,rA/,, /_ „s 

gAaia2a3,A/-ft i ^ J' gAaia2-'*Af ^^a,MN^ ^VMN-ti N (76) 

and compute the Maurer-Cartan form using the fact that the positive level generators 
commute with momentum, the field strengths of the massless theory are obtained an- 
tisymmetrising the spacetime indices of the various terms in the Maurer-Cartan form. 
Requiring that the field strengths satisfy duality relations, that is the field-strength of the 
vector is dual to the field-strength of the 4-form, the field strength of the 2-form is dual to 
the field strength of the 3-form and the field strength of the 6-form is dual to the derivative 
of the scalars, one recovers the field equations of the massless supergravity theory. We now 
consider the deformations of the En algebra resulting from modifying the commutation 
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relations of the En generators with momentum compatibly with the Jacobi identities. In 
this way we will derive all the gauged supergravities in seven dimensions. 

Following the results of section 2, the most general deformation that we can write down 

is 

[R-^-^a^M^p^-^^ _glYM,N^[a,j^a2a,]^ , (7.7) 

where is antisymmetric in MN and Q^^'^'^p = 0, and W^^'j^p is antisymmetric 

in NP. For simplicity we have only considered the En generators up to level 4. Indeed it 
turns out that the constraints that the Jacobi identities impose on 9, W(^2) and W(^3) are 
enough to restrict the representations of 9 uniquely. 

The Jacobi identity involving two 1-forms and the momentum operator gives 

QPQ^i^'^.S^j + 9^^'[^[55?J = V^^^Q^iy^'J,^ , (7.8) 

which can be solved for ly(^) in terms of 9 giving 

^R^ST = ^mtpqrQ^'^'^^ s — ^mspqrQ^'^'^^t ■ (7.9) 
The Jacobi identity involving the 1-form, the 2-form and the momentum operator gives 

We can analyse the solutions of eqs. (17.91) and (I7.10p for different representations of 9. 
If we take Q^'^^'^q such that QI^'^^'^^q = 0, then eq. implies 

wS]np = . (7.11) 

Substituting this in eq. (17.101) and using Q^^^'^^q = Q and Q^^'^p = one obtains that 
W^-^''^ is symmetric in MN. One thus obtains the embedding tensor 9*^^ = ^^(3')^ in the 
15 of SL{5,M.) and we will then show that the inclusion of the forms of rank higher that 
3 is also compatible with this deformation. If we instead take 9^^^'^q to be completely 
antisymmetric in MNP, then we can write 

qMN,p^^^mnprsq^^^^ , (7.12) 
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and the condition Q^^^^p = implies Q[mn,q] = 0. Therefore the embedding tensor 
'S)mn,p belongs to the 40 of SL{5,R). Eq. then gives 

^m]nP — ~®NP,M 1 (7-13) 

and eq. (17.101) gives 

W^f = Q . (7.14) 

Also in this case we will show that one can consistently include in the algebra the higher 
rank form generators. We now proceed with the analysis of the algebra and the derivation 
of the field strengths and gauge transformations for the two different cases corresponding 
to an embedding tensor in the 15 and in the 40. One can show that a linear combination 
of these two deformations is not allowed because of the quadratic constraints. 

7.1 Embedding tensor in the 15 of 5'L(5,M) 

We now determine the commutation relations or all the generators in eq. (17. ip with the 
momentum operator requiring the closure of the Jacobi identities. In the case of the 
embedding tensor B*^^ in the 15 we get 

[i?'^"-"V/iV,P,A] =0 

[pai...a6,MJV^p^j _ _2^QP(M^Kpa2...a6,iV)^ . (7.15) 

From the algebra above one computes the field strengths using the general results of 
section 2 and appendix B. The field strength of the vectors is 

+ ge^'^A[a^,PMAa2],QN] , (7.16) 

the field strength of the 2-form is 

+fe^«e^^^«^^A[,,^pA,„QHA,3],,^] , (7.17) 
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the field strength of the 3-form is 

Fai...a4,M — 4[9[a^^(j2...a4],M " 5[ai^^a3^a4],WM ~ Qd[aiAa2,NpAa3,QR^a4,],SM^^^^'^^ 

—9^^^A[aia2a3,NAailPM — ^0^*^e'^^'^^^^[ai,iVP^a2,QR^a3,5T^a4],;7M] (7.18) 

and the field strength of the 4-form is 

T^MN _ aMN , PQRMN a o a '^A^-^ fl A^^ 

^ai...a5 - ^Rai^aa-asl + ^ ^[ai,PQOa2^a3...a5],R " 2 ^[ai 02 ""3^0405] 

+ 2 6^^^^^ A [„j ,PQAa^^Rsda3 ^a^a^] 

+ ^ ^'^U'^'^^^PQ^^^ A ,PQAa2 ,RsAa3 ,TudaA ^05] ^ 

5* ^PQ5MAr rt/YW^RoV^^ /I /I 4 /l A 1 ^yiQ^ 

^ e W ^[ai,PQ^a2,i?S^a3,TC/^a4,VW^a5],XyJ ■ I 

These field strengths transform covariantly under the gauge transformations 

^Aa^MN — 0-a,MN + 2a[M'^^o,|P|A?"] 

X aM _ „M ^MNPQRa ^ n ^ 

(^^aia2a3,M = Oa^ajas.M + ^\a^ai°'a.3\,^M + ;^e^*^'^'^'^A[a^_MAr^a2,QPaa3],5T 



^010203, AT 



3! 

^010203, 



^^ai...a4 — ^ai...a4 2 ^Li«2 '^(1304] ^'^'^'^'^''^^[aia2a3,P'^a4],QP 

1 ^TC/VW'P PQSMAf A A A 

— e ^[ai,PQ^a2,P5^a3,TC7aa4],VVK 

+ |f*^^'^^'^^[Ila2"^«3,Qi?«a4],5T 

A/1 Af_/3A „JV n aPN 

0^ai...a5,M — (J[ai^^a2...a5],M ^[aia2a3,M^a4a5] '^^[ai...a4^a5],PM 

A^ aQ r, _L ^VWXYTRSUPN A A A A n 

+ 2^[ai«2^a3a4"a5],QM + £ >l[ai,PM^a2,P5>la3,TC7^a4,VWaag],xy 

1 



-^e"™"^<„2^a3,QMA4.5Ta„,],c.v - 2ap[^O.^i ' (7-20) 
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where the parameters a are given in terms of the gauge parameters as 

(la,MN — da^MN 
•^010203, M = <9[(jj A(j2a3],Af 

<l.=5[a.Ara.]+^0^'^A„,..„,.p^l . (7.21) 

One can easily determine the field strengths and the gauge transformations of the fields of 
higher rank using the general results on section 2 which are explicitly expanded in appendix 
B. 

7.2 Embedding tensor in the 40 of S'L(5, R) 

In the case of the embedding tensor Qmn,p, which belongs to the 40, one gets 

[^aia2a3,M^ p^] ^ q 

+9QpQ,MStR"'^''^N 
^j^a^...ae,MN ^ P^] = . (7.22) 

For this deformation the field strength of the vector is 

Faia2,MN = 2[(9[ai^a2],MiV " 9^MN,pAaia2 + 9^^'^^'^^ ^TU,[MA[ai,\PQAa2],R\N]] , (7.23) 

the field strength of the 2-form is 

+ Q ^^'^^^^QvW,N^^^^'^^ A.[ai ,PQAa2 ,P5^a3] ,TU 
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the field strength of the 3-form is 

9 ^NPWXQp, UZRST A A A A ] (J 0K\ 

— Y2 '<JWX,Z^ ^[a^,NP^a2,QR^a3,STAa4],UM\ \t .ZD) 

and the field strength of the 4-form is 

+ 2^^^^^^ ^[ai,PQ^a2,Rsda3A^^^^^ 

-^-^^^^^^^"^^^^^^^^^ Aya^^PQAa2,RsAa3^TudaiAa^-^yW 
-g,MNPQSQ^^^^^^^^^ T ^ g^^-^<^^Q^s,TA^^^,PQAZ.a.^ 

9 MNPQSTUWXRp, 4^ 4 4 4^ 

e '-'WX,V^[ai,PQ^a2,P5^a3,T(7^a4a5] 

MAfPQ5 TODiyfl^XyABVo /I 4 A A A } (7 0P.\ 

^ ^ ^AB,D^[ai,PQ^a2,RS^as,,TU^aiyW^a5\,XY\ (^<-^0j 

The field strengths transform covariantly under the gauge transformations of eq. (I7.20p 
where the parameters a are given as 

= —9ApQ^^'^^^^'^RS,M 

a'a,MN = da^MN + 9'^MN,P-Aa 
M _ A A/ 



<a2 = diaX 



NP 



aaia2a3,M - t^[ai AaaagJ.Af " 9'^ NP,M^aia2a-s 

MN _ aMN , „^PQRMNc. a _S 

ai ...04 



dlaXZa4]+9e'^''''''QQR,sAa....a4,p' • (7.27) 



The field strengths and the gauge transformations of the higher rank fields can also 
easily been determined from the above algebra. 

8 D=8 

The bosonic sector of maximal massless eight-dimensional supergravity [27j contains seven 
scalars parametrising the manifold SL{3, R) / 50 (3) x SL{2, R) / 50(2), the metric, a vector 
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in the (3, 2) of the internal symmetry group SL{3, M) x SL(2, M), a 2-form in (3, 1) and an 
SL{2, M) doublet of 3-forms which satisfy self-duality conditions. The En Dynkin diagram 
corresponding to this theory is shown in fig. [6l 



O 11 



o — o — o — o — o — o — o 



o — o 



123456789 10 
Figure 6: The En Dynkin diagram corresponding to 8-dimensional supergravity. The 
internal symmetry group is SL{3, M) x SL{2, M). 



The positive- level En generators with completely antisymmetric spacetime indices and 
up to the 6-form included, together with their SL{3, M) x SL{2, M) representations, are 

R' (1,3) (8,1) i?'^'*^" (3,2) R'^^'^^M (3,1) i^^i-^^aa.a ^^^2) 

i^^'-^^'^MTV (6,2) Jiai...ar,M^ (3^3) . (8.1) 



Here the index i = 1, 2, 3 and a = 1, 2 denote the adjoint and the fundamental of SL{2, M) 
respectively, while the upstairs index M = 1,2,3 denotes the fundamental of S'L(3,]R). 
The scalars i?*, i = 1,2,3, are the SL{2,M.) generators, while the scalars -R^^at are the 
S'L(3,M) generators and thus satisfy the constraint R^^ m = 0. The 6-form Ji<^i-<^6,M ^ g^^g^ 
satisfies the constraint i?"^ ''^^'*^jv/ = 0, while the 7-form R"'^'''"''''°'mn is symmetric in MN. 
The algebra of the scalars is 



[R'^^n, R^q] — ^nR^q ~ ^qR^n , (8.2) 



[R\R^] = r^R 

■Jq It N , 

while the other commutation relations with the scalar generators are 

[R'^N, R"'''"] = ^nR"'^'" - -SnR"''^'" (8.3) 

3 

and similarly for the higher rank forms. Here are the generators of SL{2, M) satisfying 

[D\D^]/ = rfcDf (8.4) 
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and are the structure constants of SL{2,W). In terms of Pauli matrices, a choice of 
is 

B, = !^ D,= '-f B3 = f . (8.6) 

We raise and lower SL{2,'R) indices using the antisymmetric metric e"^, that is, for a 
generic doublet V", 

V'^e'^^ K = , (8.6) 

which implies 

e"^ep, = -6^ . (8.7) 

The generators 

are symmetric in ap. Useful identities relating the 5'L(2, R) generators are 



and 

2 



D^^Df + D^^D^ = -^^^^ , (8.10) 



where g^^ is the SL{2,'R) Killing metric. 

The non- vanishing commutation relations involving all the non-scalar generators of eq. 
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^j^ai,Ma ^020304, /3j _ ^af3 j^aia2a3a4,M 

P 

[n, Ml \ — ■'^ M 

[731112 pi3...i6,Afl iyai...a(i,N 

[K M,J^ \ — — M 

|^^iii2i3:0 ^141516, /3j _ j^ai...ae,i 

|^^ii,Ma ^a2...a7,«j _ jji a j^ai...a-r ,Mp 

Q 1 
j^^iijMa ^a2...a7,A'^^j _^AI j^a\...a7,Na j^ai...ar,Ma _j_ ^MNQ -^a\...a7,a 



[731112 Di3...i7,a 1 ^ ^ T}ai...a7,Pa oil. ..17,0 



1^^111213,0 J^l4l5l6l7,J\^j _ ^J^li... 17, Mo -j^-j^-^ 

One can show that all Jacobi identities are satisfied. This requires the use of the identities 
of eqs. fl8.6p - fl8.10p . as well as the identities 

MiM2M3^ _ f,r[MiM2M3] (QTO\ 

e (^NiN2N3 — '^<J[NiN2N3] (,».i/J 

and 

e'^^e^sVm^ = VW^ - V^W" , (8.13) 

where in the last equation V and W are two generic SL{2, M) doublets. 

The derivation of the field strengths of all the fields and dual fields of massless maximal 
supergravity follows exactly the same steps as in the other cases. One considers the group 
element 

and computes the Maurer-Cartan form using the fact that in the massless case the positive 
level generators commute with momentum. In this way one derives the field strengths of 
the massless theory antisymmetrising the spacetime indices of the various terms in the 
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Maurer-Cartan form. The field equations are then obtained imposing duahty conditions 
for the various field strengths. We now consider all the consistent deformations of the 
£■11 algebra resulting from modifying the commutation relations of the En generators with 
momentum compatibly with the Jacobi identities. In this way we will derive all the gauged 
supergravities in eight dimensions. 

The representation of the embedding tensor is contained in the tensor product of the 
representation of the 1-form generator and of the scalar generators. In eight dimensions 
this leads to 

(3,2)(8)[(l,3)e(8,l)] = (3,2)0(3,2)0 (3,4)0(6, 2)0(15,2) . (8.15) 

We now show that only including an embedding tensor in the (6, 2) or in one of the two 
(3, 2) representations leads to a consistent deformation of the algebra. 

We first show that the deformations in the (15, 2) and in the (3, 4) are ruled out. The 
first case corresponds to the embedding tensor O^^'", symmetric in MN and satisfying 
the traceless condition Ojl^^'" = 0. We want to write down the commutator 

[R^,Ma^p^^^ _gQMN,a^aj^P^ , (8.16) 

but the Jacobi identity between R^'^^ and Pc shows that this is ruled out because 

of symmetry arguments. Analogously, in the (3, 4) case we would write 

[R-'^-,P,] = -gQ^^-P^Di,p^S^,R' , (8.17) 

where ©^'"^/^t is completely symmetric in afi^, but again the Jacobi identity between 

^a,Ma^ j^b,Nf3 j.^|gg ^^lis OUt. 

We now consider the two (3, 2) deformations. These lead to 

[^a,Ma^ P^] = -g5^[ae^"R^N + bO^^ Di^p"" R'] (8.18) 

where the parameters a and b are in principle arbitrary, and we now determine the con- 
straints on these parameters that come from the Jacobi identities. The Jacobi identity 
between i?"'^", i?'''^^ and Pc gives 

b^-^a , (8.19) 

and we can fix the parameter a to 1. Therefore, only one of the two (3, 2) deformations can 
lead to a consistent algebra. In the remaining of this section we show that this deformation 
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is indeed consistent, and we also show that the embedding tensor in the (6, 2) leads to 
a consistent deformation. We do this determining the commutation relations of all the 
generators in eq. (18.11) with momentum consistently with the Jacobi identities. 



8.1 Embedding tensor in the (3, 2) of SL{3, R) x SL{2, R) 

We first consider the deformation in the (3,2), that is the embedding tensor O^^". The 
result is 



3 



.M 

N 



[i?'^^-'^^'"M7v,n] =0 . (8.20) 

From the algebra above as well as the algebra in eq. (18.111) and using the group element of 
eq. (18.141) one can compute the field strengths and the gauge transformations of the fields 
following the general analysis of section 2. The field strength of the 1-form is 

the field strength of the 2-form is 

TT'M _ orn aM j_^^af3MNPA o a '^3 p.Ma a 

\9 c:\Na A aM 9 r\Ma a aN 

3 ^[ai,Na^a2az\ ~ ^[ai,N a^a2ao,] 

+ ^0''^6"''''^^[a,^^a2,P.^a3],Q;3] (8.22) 
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and the field strength of the 3-form is 

M 1 MNP 

Fai...a4,a — ^[d[ai-^a2a3a4],a + ^[ai,Ma^a2^a3a4] gj^ ^[ai,Ma^a2,N'/3^a3^a4],P7 

+ — ^al3^^^^ai...a4,M ^0^^^[ai,Ma^O2a3O4],/3 + q^^^ ^[ai,Moi^a2,Nj3^ala4] 



_ ^ Q^I^J[ [ai ,Ma^a2 , Ar/3^^a4j 

79 



Q^^e'^'^e^^'^ A[ai,MaAa2,NpAa3,P^Aa^],Qs] ■ (8.23) 



3-4! 

These field strengths transform covariantly under the gauge transformations 

a,Mp 

taM M ^ nf3 MNP a ^ ^ M aN I N aM 

0^aia2 - ^aiaz ^2 ^lauNaaa2],Pl3 " Oat A^^^^ + 3"^ ^aia2 

(^^010203,0 — '^010203, a ~l~ -^[oi02'^<^3]>-'^c« £^''^^[ai,Ma^a2A''/3'^a3],P7 ~l~ ^i-^ ■^a\a2a3,P 

^^ai...a4,M = f^[aiAa2a304],M " Ij^^ M N P A.^aia2'^aza4] ~ ^"^^[aia2a3,a'^a4],/3 

"^iy^"^^^''^^^'^^!"!'-'^"^"^'-'^'^^"^'-^'^^"''!''^'' ~ ^^"^^[Iia2^<i3,Maaa4],Ar/3 

1 Af iV 1 AT 

+ ^e"'^^[Iia2^a3,iVa«a4],M/3 + aM^^ai...a4,A'' ~ 2«Af^^oi...a4,M , (8.24) 

where the parameters a are given in terms of the gauge parameters A as 

g 

0'a,Ma — da^Ma + -^^MNP^afi-^a '^^^ 
9 

2 

'^010203,0; — ^[01^0203], a gfl'^a/S® '^Ao-^ajag^jv^ ■ (8.25) 

Using the formulae given in this paper, the reader can easily determine the field strengths 

and gauge transformations for tlic remaining fields. 
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8.2 Embedding tensor in the (6, 2) of SL{3, R) x SL{2, R) 

The deformation (6, 2) , corresponding to the embedding tensor 0^/^ symmetric in MN, 
leads to the commutation relations 

[^aiaaaa.a^ P^] = 
^^ai...a4,A/^p^] = 

[P'^l-"«'\Pfe] = 

\JDai...a5,N p] _ ^NPQp,a pa2...a6],/3^ 
^pai...ar,Ma^p^j = 

[R-^--'^^MN. Pb] = 2(7e^(,,4°^p'^-'^^]'%) + (?e?,^A,/^ • (8-26) 

From the algebra above as well as the algebra in eq. (18.111) and using the group element of 
eq. (18.141) one can compute the field strengths and the gauge transformations of the fields 
corresponding to this deformation. We obtain 

Faia2,Mc = 2[(9[aiA„2]^Ma + gf^a/B&M N^aia2 ~ ^^^^'^'^QAI^[a.uNaA.a2],Pl3] (8.27) 

for the field strength of the 1-form, 

-|e"^6^^^^6^«^e^^A[.,;V«A.„p,A,3],Q,] (8.28) 

for the field strength of the 2-form, 

Fai...a4,a = 4[9[a^ Aa2a3a4],o + ^[ai.Maf^aj^Qga^] + ^e^''^e*^^"^^[ai,Ma^a2,Af/3'9a3^a4],P7 

,9^ o/3 aM aN 9 MNQr^P A A aP 

+ 2 al^^ MN^[aia2^aaa4,] ^ 2 ^ PQ^[a.uAIa^a2,Nl3^a3a4,] 

^^^^'^RT^[ai,Ma^a2,Nf3A-a3,P^Aa_^]^Qs\ (8.29) 

for the field strength of the 3-form. These field strengths transform covariantly under the 
gauge transformations determined from eq. (I8.24p once one expresses the parameters a in 
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terms of the gauge parameters as 



a' = 

0'a,Ma = daAnia — Q^ajd^^MN^a 



M 



(8.30) 



Also for this deformation one can determine the field strengths and the gauge transfor- 
mations of the higher rank fields using the formulae in section 2 and appendix B. 

9 D=9 

The three scalars of maximal massless nine-dimensional supergravity parametrise the man- 
ifold X SL{2,'R)/ S0{2). The theory also contains the metric, a doublet and a singlet 
of vectors, a doublet of 2-forms and a 3-form. The decomposition of En appropriate to 
the nine- dimensional theory is shown in fig. [71 The form generators of rank less that 8 
that result are associated to the fields of the supergravity theory and their duals. The 
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Figure 7: The En Dynkin diagram corresponding to 9-dimensional supergravity. The 
non-abehan part of the internal symmetry group is SL{2, M). 



Ell algebra also contains 8 and 9 forms, as well as generators with mixed symmetry. The 
generators with completely antisymmetric indices, not including the 9-forms, are 



j^ai...a6 j^ai...ag,a -p^ai . . .aj j^i...a-j,i j^ai...a(i,a j^ai...as,i 



(9.1) 



where the 5*17(2, M) conventions are as in the previous section. 
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We now list all the non- vanishing commutators involving the operators in eq. (19. II) . 
The scalars satisfy 

[R\R'] = fhR'' , (9.2) 
while all the commutators producing the 1-forms are 

[R, R"] = -R" [R, R""'"] = R"'" 

[R\R''''']= DyR""'^ . (9.3) 

The 2-form occurs in 
the 3-form in 
and the 4-form in 

The 5- form results from the commutators 

^ai...a5,a] ^ ^ai...a5,a [^i^ ^ai...a5,aj ^ jji^c ^a^ . . .a, ,p 

j'j^aijQ j^a2...a5j _ ■j^ai...ac,,a |^^aia2,o ^a3a4a5j _ j^ai...as,a -^-^ 

the 6-forms from the commutators 

j'j^aijO ^a2...ae,/3j _ ^o/3^ai...a6 |'^aia2a3 ^a4a5a6j _ ^ai...a6 

j'j^ai ^a2...a6,aj _ j^ai...a6,a ^J^aia2,a ^a3...a6j _ j:^a\...a&,a ^g 

and the 7-forms from the commutators 

Q 

r^il," ^a2...a7,/3j _ j-^af3 j^ai...a7,i _|_ ^ ^af3 j^ai . . .a-j 
L ' J i ^ 

r^aia2,o j^a3...a7,/3j j-^afi j^ai...ar,i ^^afi j^ai...a7 

[ 1 i i ^ 

|-^aia2a3 j^a4a5a6a7j _ }^j^ai...a7 ^g g^ 
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Finally, the commutators giving rise to the 8-forms are 

[R, i?"l-'^B'"] = 2i?«i-'^«'° [K\ R^l-^S,^] = l)i^^Jiai...as,f3 

[R\ = fij^Jl<^i-a8,k ^^ai^ ^a2...a8,i| ^ _j^a^...as,i 

|^j^ai,a ^a2...a8j j:^ai...as,a ^j^ai,a j^a2...a8:*J ^jji a j:^ai...as,f3 

|-j^aia2,« j^a3...a8,/3j _ jjaf3 j^ai...as,i ^J^aia2,a j^a3...as'^ _ _j^ai...as,a 

1^^110203 ^a3...a8,oj _ _^^ai...a8,o j-g j^g^ 

One can check that all Jacobi identities are satisfied. 

The algebra of eqs. fl9.2l) - fl9.10p determines the fields strengths of all the forms of 
massless maximal supergravity in nine-dimensions, with the exception of the 9-forms that 
require the taking into account the 9-form generators. The Maurer-Cartan form that results 
from the group element 
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produces indeed these field-strengths once all the spacetime indices are antisymmetrised. 
In this derivation of the massless theory, one imposes that all the generators in eq. (19. ip 
commute with momentum. We now show that, exactly as in all the other cases discussed 
in this paper, the field strengths of all the fields of the gauged maximal supergravities in 
nine dimensions result from a deformed algebra, called E'^ig'', in which the generators in 
eq. fl9.ip have non-trivial commutation relations with the momentum operator compatibly 
with the Jacobi identities. 

As usual, from the En perspective the commutator of the 1-form generators with mo- 
mentum give rise to the scalar generators contracted with the embedding tensor. Therefore, 
in this nine- dimensional case the embedding tensor in contained in the SL{2,M.) tensor 
product 

(1©2)®(1©3) = 4©3©2©2©1 . (9.12) 
The singlet 6 would correspond to the commutator 

[i^^n] = -(7e5,"i^ , (9.13) 

which is ruled out because of the Jacobi identity involving i?", R'' and Pc- Similarly, the 
quadruplet B""^"^ would lead to the commutator 

[i?'^'",P5] = -^?e"^^A,/3A"^' , (9-14) 
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which is ruled out because of the Jacobi identity involving i?"'"", R^'l^ and Pc- The two 
doublet deformations lead to the commutator 

Pj] = -g5l[aQ''R + 6e'^A,/3"i?i , (9.15) 

and the Jacobi identities impose the condition 

h = -4a . (9.16) 

This leads to one possible doublet deformation, and we fix the parameter a to 1. To 
summarise, the only representations of the embedding tensor which are not ruled out are 
the triplet and one of the two doublets. We now show that both these embedding tensors 
lead to a consistent algebra. In |28j all the possible gauged maximal supergravities in nine 
dimensions were constructed. They indeed correspond to an embedding tensor in either 
the triplet or the doublet of SL{2,M.). 

9.1 Embedding tensor in the 3 of SL{2,R) 

We first consider the deformation in the triplet, which corresponds to the embedding tensor 
Gj. This case as been considered in [17] up to the 5- forms. In that paper the deformation 
parameter was denoted with mj, and our conventions here are such that rrii = —gQi- 
Deforming from the commutator of i?" with momentum, all the other commutators are 
determined by requiring that the Jacobi identities close. The final result is 

[R^,Pt] = -g6^,Q,R' 
= 

[i?«i"2,a^p^] = gQ-Dl^^S^^'R''^^'^ 

[paiaaas^pj = 
^pai...a4^p^] = 
[pai...a5,a^pj = 
[pai...a6^p^j = 

[P«l-«7,P^] = 

[pai...a7,*^pj _ -^G^^f'^"'-"'' 
[pai...a8,a^p^] = 

[pai...a8,i^ pj _ -gQ^S^^'R^^-"''^ - ^fcGj^'^"'"'"'^''' • (9-17) 
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From these commutation relations and the massless algebra of eqs. fl9.2l) - fl9.10p . using the 
group element in eq. (19. Ill) , one determines the field strengths and the gauge transforma- 
tions on the fields. The field strengths of the 1-forms are 

Fa,a„a = 2[9[,,A„,],„ - gOiDi^^ Aa,a„p] , (9.18) 

the field-strength of the 2-form is 

P'aia2a3,a 3 [c^Jq-^ ^4^203] ,a ^[ai ^^02 ^03] ,a ~l~ Q^i^a ^[il^i2i3]i/3] ' (9.19) 

the field strength of the 3-form is 

Fal...a^ = ^d[aiAa2...ai] + ^""^ A[aida2Aa.j,ai\,l3 + A°'^^[aia2,a^a3a4],/3] ; (9.20) 

the field strength of the 4-form is 

Fai...ai, — ^[d[aiAa2...a5] ^[ai "^aj ^030405] ^ A[aia2,a9asAa4a5],l3 



and the field strength of the 5-from is 



C ^^[ai^a2,a^a3^a4a5],/3 



Fai...ag,a 6 [c^Jdj^ ^a2...a6] i"^ ~^ ^[o^i iC*'^'*2 ^ii3...a6] ^[aia2,a^a3^ 



041516) 



-gQ,D'jAa,,„a„p] . (9.22) 



._f/37/l, A „r) 4 , _J^P)«n^T/lr A r,A 

^[ai,a^a2Ct3,P'-^«4^a5«6l>7 3! ^|aia2, 0^1314, P^a5«6l,7 
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These field strengths transform covariantly under the gauge transformations 
6Aa = aa- aAa 

^^010203 (^aia2ai ^ ^^[0102 ,0*^03] ,/3 ~l~ 2^ ^^[ai ,0^02 ,/3'^a3] ~l~ '2^aia2«3 

^ A(i^ 0iai...a4 2^ ^[iiia2,«'^a3a4],/3 ~l~ ^[010203*^04] ~^ ^[0102, 0^03, /3'-^a4] 

^^oi...05,a '2oi...05,ci ~l~ ^[010203 '^'0405], a ~l~ ^[ai...04'^a5],a '''^[0102, 0^0304, /J'^os], 7 

~l~ 2^^'^^['ii<J2,a^a3,/3^a4,7'^05] ~l~ '^^01. ..05,0 ~l~ ^i^ J^Ao^^ Q^^ f^ 
0^ai...ac, '-^[01 *-02...a6] 2 [°'i°'203"a405a6] ~r ^ ^[oi...05,a"'06],/3 2 ^[010203^0405, oWmg]^^ 

~l~^^[oia203^04,Q^a5,/3'3'a6] ~l~ SoTIq-^ 
'^^ai...a6,a ^[ai-^02...06],a ~l~ ^[01. ..04 '^0505], a ^[iia3iCf^i3'J4i/5'^a5<i6],7 ~^ ^[01. ..05,0^06] 

2 ^^'^^[<^l'^2,a^£i3a4,/3^fi5,7'^06] ~^ O'iD J^ A^^ ^^,13 1 (9.23) 

where the parameters a are given in terms of the gauge parameters A as 

a = 

a' = -gAQ' 
aa = daA 

aa,a = daK + 9QiD'fAa,f3 
0'aia2,a d^aiAa2],a 
^010203 '9[c[j Aqj^s] 
^01. ..04 ^[01^0120304] 

aoi...05,a = 5[oiAa2...05],a + g&iD'/ Aa,...a5,fS ■ (9.24) 

The reader can easily evaluate the remaining field strengths and gauge transformations. 
9.2 Embedding tensor in the 2 of SL{2, M) 

We now consider the doublet deformation, corresponding to the embedding tensor 0". We 
start from the commutator between the 1-form and momentum as in eq. fl9.15p with the 
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parameters as in eq. (19.161) with a = 1. Imposing the closure of the Jacobi identities gives 



= 

^pai...a4^pj = 
jpai...a5,a^p^j =0 

[pai...a6,a^p^] = 

[i?"l-"«'\Pfe] = . (9.25) 



From these commutation relations and the massless algebra of eqs. (I9.2l) - (l9.10p . using the 
group element in eq. (19.111) . one determines the field strengths and the gauge transforma- 
tions on the fields. The field strengths of the 1-forms are 



Fr 



= 2[d[a,A,,]^^ - ge^A[a,,aAa2],p - fo^Aj; 




(9.26) 



the field-strength of the 2-form is 




+ge^A[a,Aa2,aAa,],p + -QaAla.A^^^Aa.lp] 



(9.27) 




(9.28) 



Fr 




(9.29) 
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and the field strength of the 5-from is 

'P^ai...afj,a 6[9[(j-|^^(j2...a6],o ~l~ ^[ai, 0^02^03. ..ae] ^[aia2i0^f*3^<i4'J5i6] 

-g&^A[,,^^Aa2as,fsAa,a,a,]] ■ (9.30) 

These field strengths transform covariantly under the gauge transformations in eq. (19.231) . 
with the parameters a given in terms of the gauge parameters A as 

a = -gQ'^K 
a' = AgQ'^D'p'^K 

aa = daA + ^e"Aa,a 

^aia2,a ^[aiA(j2],o ~l~ Q^af}^ Aaia2 
(^aia2a-3 ^^[aiAajas] 
0'ai...a4 f^[ai ^0(20304] 

«ai...a5,a = d[a^Aa2...a5],a + '^geafiO'^ Aai...a5 ■ (9.31) 

The reader can easily evaluate the remaining field strengths and gauge transformations 
corresponding to this deformation. 

10 Form field equations and duality conditions 

In this section we write down the equations of motion for the form fields taking into account 
that we have fields and their duals. Such equations have been studied on an ad-hoc basis 
previously beginning with [29j . However, our discussions will be in the context of Eu and 
in particular the representations and hierarchy of form fields it predicts and as is given 
in the table of [13] that is table [T] of this paper. 

If we assume that the form field equations are first order in space-time derivatives they 
can only be duality relations between the field strengths obtained in this paper. Let us 
first consider gauge fields whose field strengths have a rank that is not half that of the 
dimensions of space-time, that is those that do not obey some kind of generalised self 
duality condition. Examining the table [T] of the representations of G of the form fields we 
find that for every gauge field of rank n for n < ^D, with a field strength Fn+i of rank 
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Q 






















lOA 


E+ 


1 


1 


1 




1 


1 


1 


1 


1 


1 
1 


lOB 


SL(2, R) 




2 




1 




2 




3 




4 
2 


9 


SL{2,K) X K+ 


2 
1 


2 


1 


1 


2 


2 
1 


3 
1 


3 
2 


4 
2 
2 




8 


SL{3,M) X SL{2,K) 


(3,2) 


(3,1) 


(1,2) 


(3,1) 


(3,2) 


(8,1) 
(1.3) 


(6,2) 
(3,2) 


(15,1) 
(3,3) 
(3,1) 
(3,1) 






7 


SL(5,K) 


TS 


5 


5 


10 


24 


40 
15 


70 

45 
5 








6 


SO(5,5) 


16 


10 


16 


45 


144 


320 
126 
10 










5 


-^6(+6) 


27 


27 


78 


351 


1728 
27 












4 




56 


133 


912 


8645 
133 














3 


-^8( + S) 


248 


3875 
1 


147250 
3875 
248 

















Table 1: Table giving the representations of the symmetry group G oi all the forms fields 
of maximal supergravities in any dimension 113)1 . The 3-forms in three dimensions were 
determined in JI4| . It is important to observe that these are the representations of the 
fields, which are the contragredient of the representations of the corresponding generators, 
which have been considered in this paper. 
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n + 1, that belongs to a representation Rn there is a dual gauge field of rank D — n — 2 
with a field strength F^^n-i of rank D — n — 1 which is in that representation RD-n-2 
which turns out to be the conjugate representation, i.e. RD-n-2 = Rn- The field strengths 
that occur in the Cartan forms transform under G with a non-linear action that is only a 
transformation under the Cartan involution invariant subgroup I{G) rather than the above 
mentioned linear representations of G. This is due to the scalar factors mentioned above 
which convert the linear representation into the non-linear representation in the well know 
manner. Thus demanding invariant field equations reduces to finding those invariant under 
only I{G) transformations. Examining all such gauge fields for D < 7, we find that under 
the decomposition of their representations of G from G to I{G) we find one irreducible 
real representation of I{G). Hence the gauge fields and their duals belong to the same 
representation of I{G). For example in seven dimensions the two forms belong to the 5 of 
SL{5,M.) while their dual gauge fields, the three forms, belong to the 5 of SL{5,M.). The 
Cartan involution invariant subgroup is I{SL{5,M.)) = 5*0(5) and these two gauge fields 
both belong to the real 5 representation of this group. 

The field equations for all such gauge fields can only be of the form 

Fn+l=*FD-n-l , (10.1) 

where -k is the space-time dual, since they each belong to the same irreducible representation 
of I{G). For dimensions D > 8 the gauge fields belong to representations of G that 
decompose into at most two distinct irreducible real representations of I{G) and their 
dual gauge fields belong to precisely the same representations of I{G). Then the duality 
condition consists of as many equations as there are representations of I{G), which are of 
the form of eq. (110. ip and they relate the gauge field and its dual in the same representation 
of /(G). 

The scalars are a non-linear realisation of G and obey duality relations with the rank 
D — 2 forms which are in the adjoint representation. Under the decomposition from G to 
/(G) the adjoint representation of the latter breaks into the adjoint of /(G) and the "coset" 
part. Only the latter enters into the duality condition with the coset part of the Cartan 
form formed from the scalars. The scalar equation results from the curl of these duality 
relations. Such curl reproduces the field strengths of the D — 1 form fields, which are dual 
to the embedding tensor, and this gives rise to the scalar potential. In general there is more 
than one gauge covariant quantity that one can construct contracting the scalars with the 
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embedding tensor, and the method we have presented in this paper of determining all the 
gauge covariant quantities of the theory does not determine their relative coefficient, and 
therefore does not determine the exact form of the scalar potential. 

For odd dimensions space-times there are clearly no generalised self duality conditions. 
However, the cases when D — 4m and D — 4m +2, for integer m are different due to the fact 
that = — 1 and = +1 respectively when acting on a ^-form. Let us begin with the 
latter case, that is dimensions ten and six. As is well known in ten dimensions we have a four 
form gauge field that is a singlet of SL{2, M) and obeys a self duality condition of the form 
F5 = -kF^. In six dimensions that two forms belong to the 10 of SO(5,5) which decomposes 
into the reducible representation (5,1) © (1,5) of S0{5) (g) S0{5) = /(50(5,5)). The 
duality condition which is invariant under the 5*0(5) ® 5*0(5) transformations of the field 
strength can only be of the form 



where F3 and F3 belong to the (5, 1) and (1, 5) representations of 50(5) ® 50(5) respec- 
tively. The minus sign is required as there must be the same number of self-dual and 
ant i- self- dual forms as the resulting theory describes 5 tensors that do not satisfy self- 
duality conditions. 

Let us now consider the case oi D — 4m -|- 2 that is dimensions eight and four. In this 
case the forms belong to an irreducible representation of G that breaks into two irreducible 
representations of I{G) which are related by complex conjugation. In eight dimensions the 
three forms belong to the (1,2) representation of 5L(3, M) (8) 5L(2,]R) which breaks into 
(1, 1+) and (1, 1-) representations of I{SL{3,R) ® 5L(2,]R)) = 50(3) ® 50(2). As such 
the unique invariant field equation is of the form 



where F4 and F* belong to the (1, 1+) and (1, 1") representations of 50(3) O 50 (2). The i 
found in this equation is due to the fact that t*:* = — 1 in this dimension and the minus sign 
then results from the consistency with respect to complex conjugation. In four dimensions 
the one forms belong to the 56 dimensional representation of which decompose into the 
28 © 28 of representations /(-E?) = SU{8). The self duality condition can only be of the 
form 




(10.2) 




(10.3) 




(10.4) 
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where F2 and F2 are the 28 © 28 representations of S'f/(8). 

These equations of motion are the correct equations although we have not derived these 
duahty relations as following from En in this paper. This remains a future project. There 
is a certain freedom to rescale the form fields by constants which is reflected that these 
duality relations can have constants that are not explicitly shown above. These constants 
are fixed once one also writes down the field equation for gravity as this involves the stress 
tensor. It is impressive to see the way the representations of the form fields, dictated by 
Ell, cooperate with the demands that the form field equations be duality conditions. 

The duality relations discussed in this section have a crucial role in determining the 
closure of the supersymmetry algebra. Indeed, these relations are first order in derivatives, 
and the closure of the supersymmetry algebra on fields and dual fields, as well as on D — 1 
and D forms, only occurs provided that they are satisfied. In [30] and [31] it was shown that 
the supersymmetry algebra of IIB and IIA respectively close on all the fields and dual fields 
provided that the duality relations are satisfied. The supersymmetry algebra also fixes the 
D — 1 and D forms that one can include, the result being exactly in agreement with the 
predictions of En [12] (subsequently, it was shown in [32] that also the detailed coefficients 
of the gauge algebra of the IIB theory are reproduced by En). In particular the IIA algebra 
describes both the massive and massless field equations, as the field strength of the 9-form 
can be set equal to the Romans cosmological constant [33] or to zero respectively. More 
recently, the closure of the supersymmetry algebra on higher rank forms was shown for the 
case of gauged maximal supergravities in five dimensions [16] and in three dimensions [31] . 

11 Conclusions 

It was previously found [131 HI] that the maximal gauged supergravity theories were clas- 
sified by Ell. In particular the forms of rank D — 1 in the D dimensional supergravity 
theory, which lead to a cosmological constants, are in the contragredient representation 
of the internal symmetry group of the tensor which was known to label all such theories. 
Although this discovery was kinematical in nature it demonstrated that En provided, for 
the first time, a unifying scheme within which to consider all such theories. In this paper 
we show that En, by the steps described in this paper, leads to all the field strengths of 
the maximal gauged supergravity theories. The embedding tensor arises as the tensor that 
uniquely determines the deformation of the £^11 algebra from which the gauged supergrav- 
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ities arise as non-linear realisations and we show that it is in the same representation as 
the D — 1 form generators. We have analysed each dimension from three to nine, and these 
results, together with the ten-dimensional deformation corresponding to the Romans the- 
ory analysed in [T7j, give the field strengths of all possible massive maximal supergravities 
in any dimension. 

If one assumes, as is the case, that the dynamics of the form fields are first order in 
space-time derivatives then they must be given by duality relations on the field strengths 
calculated in this paper. As a result, for all the fields apart from the scalars, the dynamics 
of the bosonic sector is then determined up to a few constants that multiply the field 
strengths. In the absence of the gravity equation that contains the stress tensor one can 
fix these constants by field redefinitions, hence in this sense the dynamics is determined 
in the absence of gravity (in the case of the scalar equation in general there is more 
than one gauge covariant quantity that one can construct contracting the scalars with 
the embedding tensor, and the procedure presented in this paper does not determine their 
relative coefficient, and therefore does not determine the exact form of the scalar potential). 
Thus most results on the maximal gauged supergravity theories, including those that have 
been derived over many years, can be found in a very quick, efficient and unified manner 
from Ell. 

In the Ell formulation of the maximal gauged supergravities theories the field content 
in a given dimension is the same although the actual physical degree of freedom in any 
given gauged supergravity theory may differ. In particular the number of D — 1 forms is 
the same and so a given maximal gauged supergravity theory has a knowledge of all the 
other possible gauged supergravity theories in the same dimension. This is analogous to 
having various different theories and then discovering that there is a potential from which 
they can all be derived as different minima. 

In this paper we have used a deformation of an algebra En containing the En algebra, 
the usual space-time translation and the Ogievetsky generators. However, in reference 
[T7] a detailed study of the nine dimensional gauged supergravities was carried out and 
it was found that these theories arose from the full E'f^^f^^ including the parts associated 
with ten dimensions. However, these gauged supergravities could be constructed from 
only a subalgebra of which appeared to be a deformed E'f^^g'- algebra as a result of 

the complicated field redefinitions of the generators and the generators that were dropped 
as they played no role in the dynamics. As such in these theories one is dealing with a 
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subalgebra of E °^f which only appears as a deformation as a consequence of the way the 
calculation is carried out. It would be of interest to see if this is a general phenomenon. 

As discussed in the introduction, the original gauged supergravities were derived by 
adding a deformations to the massless theory and using supersymmetry to find the com- 
plete the theory. In such an approach one did not use fields that were in representations 
of the internal symmetry group G. Later gauged maximal supergravities were constructed 
using fields that were representations of G, but the theory also contained an embedding 
tensor that labelled the theories and broke the internal symmetry group G. In this way of 
proceeding the fields always occurred together with this tensor in just such a way that the 
full G representations of the fields was not present into the equations of motion. However, 
in the last few years the bosonic sector of certain gauged supergravities have been con- 
structed [35j by taking the physical degrees of freedom to be described by fields that are 
representations of the internal symmetry and demanding that these unconstrained fields 
carry a gauge algebra extending the gauging of part of the local internal symmetry. In 
carrying out this programme these authors have found a hierarchy of fields of increasing 
rank [31]. However, these are just those found previously in the En approach [T3]. It is 
obvious that this procedure is just a bottom up way of discovering the form sector of En 
and it is not necessary to speculate about the mysterious degrees of freedom of M theory 
that such a process may have uncovered. 

While there can be no doubt of the calculational efficiency of the approach of this paper 
it leaves open a number of more conceptual questions. For example, what mathematical 
object do the Ogievetsky generators belong to. Also even though one uses only the positive 
and zero level part of the En algebra in the deformed algebra, this algebra is only defined 
from the full En algebra. As a result many properties of, and deductions from, the full En 
algebra are imported into the calculation. This would at best seem unnatural. In a previous 
paper it was proposed to derive the gauged supergravity theories, and explicitly the five 
dimensional gauged supergravities, from a non-linear realisation of En ®s h where li is the 
fundamental representation associated to the first node of En and leads to a generalised 
space-time. This approach has the advantage that it is conceptually well defined from 
the mathematical viewpoint, but it is less clear how some of the physical aspects of the 
gauged supergravity theories emerge in a natural way. These include how the local gauge 
transformations arise and how the slice of generalised space-time that is active arises from 
the full generalised space-time. Thus one has a dilemma how to include space-time, local 
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gauge transformations within En. In this context we might mention the interesting work 
of reference [36] that concerns the role of diffeomorphism symmetries in the context of the 
non-hnear reahsation relevant to supergravity theories. We hope to report elsewhere on 
progress in this area. 
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A Group theory conventions and projectors 

In this appendix we first review some of the group-theoretic techniques that have been used 
in this paper, and we then discuss the En derivation of various representation projectors, 
fucusing in particular on the cases of E^ and Eq which have been discussed in sections 4 
and 5. These projectors arise in En as conditions on the structure constants that contract 
the D — 1 form generators, and the fact that the consistency of the algebra imposes that the 
embedding tensor must satisfy the same projection conditions proves that the embedding 
tensor and the D — 1-form generators must belong to the same representation. At the end 
of this appendix we then show that these projectors are precisely the ones that result from 
a purely group theoretic analysis based on the representations of the internal symmetry 
group. 

The Cartan-Killing metric k"^ is defined as 

CAdi^'^'' = r\f% , (A.i) 

where Cacij is the quadratic Casimir in the adjoint representation. Denoting with Da the 
fundamental representation, one then defines the quadratic Casimir in the fundamental 
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representation C\ from the relation 

CXi = ^o.pDl,''D^/ . (A.2) 

When not otherwise specified in the paper, we use to raise and lower indices in the adjoint 
representation the metric 

g^P = Tt^D'^D^) = D'^^Df^^' , (A.3) 

where the trace is in the fundamental, i. e. lowest dimensional, representation. This metric 
differs from the Cartan-Killing metric of eq. (lA.ip by a constant, and indeed from eq. 
([Qj) one finds 



^'-' = ^9''' , (A.4) 

where d is the dimension of the adjoint and d^ is the dimension of the fundamental repre- 
sentation. Substituting the inverse of eq. ( 1A.4I) in eq. ( 1A.2I) one also derives 



while substituting it in eq. flA.ip one gets 



r'Us = -^^6] , (A.6) 



as follows from raising the indices using the metric in eq. (IA.3p . The ratio is given by 



the relation 



'^Adj ^ dA^ 

Ca d 

where g"^ is the dual Coxeter number and Ia is the Dynkin index of the fundamental 
representation. 

In this paper we have shown that the deformed En algebras resulting from suitably 
modifying the commutation relations of the En generators with momentum are entirely 
classified by the tensor 6^''^^ arising in eq. (12.131) . where Mi denotes the representation of 
the 1-form Eu generator R"-^'^^^ in a given dimension. As we have shown, this tensor is 
identified with the embedding tensor. Denoting with Ri this representation, and with Rq 
the adjoint, the embedding tensor is contained in the tensor product Ri ® Rq. Since the 
D — 2-form generators also belong to the adjoint, that is Rd-2 = R-o? this tensor product 
is the same as the tensor product Ri ® Rd-2, which occurs in the commutator between 
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the 1-form and the D — 2-form. This commutator gives rise to the D — 1-forms, that 
belong to a representation Rd-i inside Ri ® Rd-2- However, Ri ® Rd-2 contains at 
least three irreducible representations, and the En derivation of the projection conditions 
on Rd-1 plays an important role in this paper. In particular, it is responsible for the 
demonstration that the D — 1-form generators and the embedding tensor belong to the 
same representation. This was proven in detail for any dimension in this paper. 

In table [2] we list all the irreducible representations arising in the tensor product 
Ri Ro in any dimension, underlying the ones to which the embedding tensor and the 
D — 1 forms actually belong. As can be noticed from the table, in four, five and six dimen- 
sions Ri ® Ro generates three representations. These cases are those in which the 1-form 
generator belongs to the fundamental representation Da- Therefore, in four, five and six 
dimensions the embedding tensor 0*^^ is contained in the tensor product Da ® Ro- In the 
following we will in general denote the adjoint representation by Adj. It is a property of 
any simple group with the exception of Eg that the tensor product Da ® Adj always gives 

Da ® Adj = Da © Di © Da , (A.8) 

where Di and D2 are two other representations, and we take the dimension of Di to 
be lower than the dimension of D2. As can be seen from the table, in four, five and 
six dimensions the embedding tensor belongs to Di. Using the fact that this is also the 
representation of the D — 1-form, we now show that one can derive from En the projectors 
on these three representations. We will focus in particular on the cases of Ej and Eq, 
corresponding to four and five dimensions respectively. 

Given the tensor product Da © Adj, the projectors Pdaj &nd on the repre- 
sentations of eq. flA.Sp can be constructed in terms of , 5^ and -D^^ as [3] 

p MI3 _ dk j^p P M 

Pd.1^ = -{a + ^)D^/D^p'' - bD^^^D^/^ + (1 - c^^f , (A.9) 

where one makes use of eq. ( 1A.5I) and the fact that the sum of the projectors is the identity. 
Note that the three coefficients a, b and c are not specified and will be given later. We 
require the projectors to satisfy 

p M/3p Af7 _ TO My p A//3p N-y _ r. 

^DAaN^r)Al3P — ^DaqP ^riAaN ^Oiisp — U 

Pd^I'PdJ; = %Pd.;? ^,J = l,2 . (A.IO) 
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D 


G 


Ri ® Ro 


9 


SL{2,R) 


1©2©2©3©4 


8 


SL{3,R) X SL{2,R) 


(3, 2) © (3, 2) © (3, 4) © (6, 2) © (15, 2) 


7 


SL{5,R) 


10 ©15 ©40© 175 


6 


SO{5,5) 


16 © 144 © 560 


5 


-^6(+6) 


27 ©351 © 1728 


4 


-^7{+7) 


56 © 912 © 6480 


3 


-^8(+8) 


1 © 248 © 3875 © 27000 © 30380 



Table 2: Table giving the irreducible representations that arise in the product Ri ® Ro in 
various dimensions. The representations to which the embedding tensor and the D — l-form 
generators belong are underlined. 

We now show that for and Eq these projectors are determined using En. In principle 
the Ell derivation of the projectors can be also carried out for D^, which corresponds to 
the six-dimensional case, but it is not needed because in section 6 we have used the explicit 
form of the structure constants, which encodes automatically the projectors. 

We first consider the case of E^. In section 4 we have shown that the invariant tensor 
gMa ];gguiting from the commutator of the 1-form and the 2-form satisfies the constraints 
of eqs. fl4.13l) and fl4.14l) . These constraints follow from the Jacobi identities of the En 
algebra. On the other hand, the En algebra imposes that the 3-form generators in four 
dimensions belong to the 912, which implies that the indices Ma must be projected on the 
912. This can be seen from the index structure of S*^^" because the only way of building 
an invariant from tensoring a 912 index with the product 56 (8> 133 is that this product 
is indeed projected on the 912. By looking at the general form of the projectors in eq. 
(]A.9|) . we thus must require that S^^°' satisfies the conditions 



Ji^SGaAT QfS^ — U 

TTj Af/3 nN-y _ nM-y 
^912aAr 9M ~ A 9a-y 

'ST9P, = ^ , (A.ll) 

and comparing these three conditions with eqs. (14.131) and (I4.14p we determine a constraint 
on the parameters a, h and c in eq. flA.9p . Indeed, the first condition is automatically 
satisfied because it reproduces eq. fl4.13p . while the second and the third reproduce eq. 
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(I4.14P provided that 

^ = -2 . (A.12) 

We now derive the constraints resulting from eq. flA.lOl) in case of Ej. The first 
condition is automatically satisfied, while the second condition gives 

19 7 

—a+-b + c = , (A.13) 

o o 

where we have made use of eq. (1A.6|) in which we have substituted the dual Coxeter 
number and the Dynkin index for Ej, which are listed in table [31 In order to derive the 
other constraints, one makes use of the identities 

Do.N^D,MpDf'^'^ = lD^P<^ , (A.14) 

o 

^.M^^^'^ = ^4^^ + ^« - ^^^^«^^MP + /^r^^ , (A.15) 

and 

{D"'D^)Q^D^pQD,n'' = - ^(D^D.)p*^ - ^(D„D^)p^ , (A.16) 

which can all be proven using the results listed in this appendix and in section 4. Using 
these results, the last condition in eq. ( lA.lOp . with i = j = 1, gives 

19 2 7 , ^ 3,2 

— a H — ao + 2ac o = a 

8 4 8 

12 

c' + ^b' = c . (A.17) 

Substituting eq. flA.12p into the last of these equations gives 

1 12 
c=- b = -- , (A.18) 

and from eq. (1A.13P one gets a = |. One can show that all the other projector conditions 
are satisfied. Substituting this in eq. (]A.9p finally gives the Ej projectors 

Ip, MP _ 8 p,/3 P p. M 
^56aN ~ ig^N 

IP Ml3_^p,l3Pp, M 12 p pj^ 1 j^j p 

m, Ml3 l'^2p,/3Pp, M 12 p pj^.T 6 p /\ in\ 

i?6480aN = -J^D^ DaP + y ^aTV i^p + V -^a ■ (^-19) 
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We now derive from En the projectors of eq. (1A.9P for the case of Eq. We first 



derive the identities that will be needed. Is section 5 we have introduced the completely 
symmetric invariant tensors d^^^^ and (Imnp, satisfying 

d'''"'dMNQ = S^ . (A.20) 

From eq. (lA.20p and the condition that d^^'^^ and (Imnp are invariant tensors, 

D^(^ci^«)^^ = D[V/dpQ)^ = , (A.21) 

one gets 

D^^d^^^rf^sQ = -^1^5^ . (A.22) 
One can write the product of two generators in the 27 contracted by the metric Qai^ as 

Qo.pDli'' D^p"^ = a6^ 5% + + ^d'^'^^'dMPR , (A.23) 

as can be deduced from the fact that the product 27 ® 27 ® 27 (g> 27 leads to three different 
Eq invariants, and the three invariant quantities on the right hand side of eq. (1A.23P are 
the most general objects one can write down in terms of 6^, c?*^^^ and duNP- Eq. (lA.Sp . 
applied to the Eq case in which d = 78 and d\ = 27, is 

^„,D2/Dr = |5^ . (A.24) 

Contracting and P in eq. flA.23p thus leads to 

26 

27a + /? + 7 = — , (A.25) 
9 

while contracting M and gives 

a + 27/5 + 7 = . (A.26) 
A third relation comes from the identity 

13 

QapDIj^ Dp'^dNQR = ——dupR , (A. 27) 

y 

which can be derived using eq. ( ]A.2ip iteratively, and leads to 

13 

a + /3 + 7 = -- , (A.28) 
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or alternatively from contracting eq. (]A.23|) with Dj^^ , which leads to 



a - -7 = 1 . (A.29) 



The final result is 



so that 



a = - p = — 7 = -- , (A.30) 
6 ^ 18 ' 3 ^ ' 

= + - ^^'^''X/P.. . (A.31) 



Another useful relation is 

{DW^)Q^d'^^'^dpRT = -\{D''D^)p'' + ^{D^D^)p^' + j^6^'6l , (A.32) 

which can be derived using the relations given in this appendix. 

In section 5 we have shown that the invariant tensor 5'"*^.^^ resulting from the commu- 
tator of the 1-form and the 3- form satisfies the constraints of eqs. (15 .Qp and fl5.13p . These 
constraints follow from requiring the closure of the Jacobi identities of the En algebra. On 
the other hand, the form of this invariant tensor is dictated by the fact that En imposes 



that the 4-form generator is in the 351, and therefore the indices aM of 351 must be 
projected on the 351. This can be seen from the index structure of S""^'^^ because the 
NP antisymmetric indices correspond to the 351 and the only way of building an invari- 
ant from tensoring a 351 representation with the product 27 ® 78 is that this product is 
indeed projected on the 351. By looking at the general expressions of eq. (1A.9I) for the 
projectors, we therefore must impose the conditions 

IP M0qN-f _ p 

IP MPqN-y _ qM-f 

'^rf2EaN^T' dp-t = , (A. 33) 

and comparing these three conditions with eqs. (15.90 and (I5.13P we determine a constraint 
on the parameters a, h and c in eq. (lA.9p . In particular, the first condition is automatically 
satisfied because it reproduces eq. (15. 9p . while eq. (I5.13p implies that the second and the 
third equations give the same constraint, that is 
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We now derive the constraints resulting from eq. (lA.lOp in case of Eq. The first 

condition is automatically satisfied, while the second condition gives 

26 8, , 

—a+-b + c = , (A.35) 



where we have made use of eq. flA.6|) in which we have substituted the dual Coxeter number 
and the Dynkin index for Eq, which are listed in table [31 The last condition in eq. flA.lOl) . 
with i = j = 1, gives 

26 2 16 , , 7 . 

— a H ao + lac H o = a 

9 9 18 

26c -h"^ = b 
2 

c^ + h^ = c . (A.36) 

Substituting eq. flA.341) into the last of these equations gives 

1 6 

c=- b = -- , (A.37) 

and from eq. (]A.35I) one gets a = j^. One can show that all the other projector conditions 
are satisfied. Substituting this in eq. (]A.9|) finally gives the Eq projectors 

Tn,_Ml3 _ ^ p)P Pp. M 

IP MI3 _ '^p,PPp, M 6 Pn/^A/ I 1 

^T728aN - --^^N ^aP +-J->aN p + ()„ . (A.38j 



The projectors of eqs. (]A.19|) and (]A.38|) that we have obtained from En exactly 



coincide with the projectors that one obtains from group theory. In table [3] we list the 
dual Coxeter number, the Dynkin index of the fundamental representation, the dimension 
of the group d, the dimension of the fundamental representation d\ and the dimension di 
of the representation Di, as well as the values of the coefficients a, b and c in eq. flA.9l) . 
for some simple Lie groups. One can see in particular that the values of a, b and c in the 
table for Eq and E^ are exactly those that we have derived from En. 

B Field strengths and gauge transformations 

In this appendix we explicitly evaluate the deformed part of the field strengths up to rank 
six from eqs. fl2.46p and fl2.48p . For the scalar derivative we find 

Fa = g-\da + gAa,N,Q^'Rn9^ • (B.l) 
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G 




Ia 


d 


dA 


di 


a 


b 


C 




r + 1 


1 
2 


j,2 _|_ 2^ 


r + 1 


i(r- l)(r + l)(r + 2) 


1 

2r 


1 

2 


1 
2 


G2 


4 


1 


14 


7 


27 


3 

14 


6 
7 


3 
7 




9 


3 


52 


26 


273 


1 
4 


3 
2 


1 
4 


Eq 


12 


3 


78 


27 


351 


3 

in 


6 


1 
^ 


Er 


18 


6 


133 


56 


912 


4 

7 


12 
7 


1 

7 



Table 3: Table giving the dual Coxeter number, the Dynkin index, the dimension of the 
adjoint, the fundamental and the Di representations, as well as the parameters a, b and c 
occurring in eq. I\A.9\) . for some simple Lie groups (see also 07 j. 

We now write down the field strengths for the gauge fields, which by assumption have all 
their Lorentz indices anti-symmetrised and as discussed in section two we do not explicitly 
display their scalar factors converting from a linear representation to a non-linear represen- 
tation of G. We first display the massless part of the field strengths up to rank 6 included, 
determined using eq. f l2.46p . The result is 



7(0) 
caia2,N2 



0.2, N2 



^Lla2a3,N3 — ^dcAaj^a2a3,N3 — La^^M32 dcAa2a3,N2 + ^ (-^ai -^a2 j A^a "f^c^as.A^iJ 



cai...a4,A''4 



5 [9, A 



ai...ai,N4, + -^ai,Af4^^ ^0^(120304, A^3 + '^{La^La2) N^^^ dcAa3a4,N2 



N2t 



— ^Laj^a2,N4^^dcAa^a4,N2 ~ ^ (-^ai -^a2 -^03 ) iV4^^ t^cAa4,ArJ 



(B.2) 
(B.3) 

(B.4) 
(B.5) 



1 



Q[dcAai...a5,N5 — La 
N3: 



0.1, '-'c-'^a2...as,N4, ^a\a2,N^ '-'c-^a3a4a5,N3 
+ -iLaT^La2)N5^^^dcAaga4a5,N3 — TTT (-^ai -^02 -^13 )a'5^^ ^cAa4a5 ,Af2 



3! 
1 

5!' 



"^"o (-^ai-^«2a3)A^5^^^cAa4a5^iV2 + 77 (-^ai -^02 -^03 -^a4 ) A^s^^ ^c^ag ,Ari] 



(B.6) 
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The order g part of the same field strengths follows from eq. fl2.48p . The result is 

FcZn, = 2g[W''-N,A,a,,N, + \x''-P- M,Aa.,pAc,M.] (B.7) 

- -^^ai , A^a '^^ *^ Vi ^aa , A/i ^c, A^i ] ( B . 8 ) 

+ ^(L,,L,J^3^iX^^^ViA,3,MiA,,^J (B.9) 

— 77 (-^ai -^^02 La.i)N4 Pi ^04 .Ml ^c, A^i ] (B. 1 0) 
5! 

Pca^...as,N5 = 65f[W^^V5-4cai...a5,Ar6 " La^^N^^^W^'^^ NiAca2...ar„Mi, 

~-^aia2,Af5^^^^''Af3^ca3...a5,Af4 + 2 ('^'^i '^'^2 ^ ^5 ^^''^S ^'^"3---'*5'^4 

~'^La-i^a2az,Nj^^W^^ N2^ca4,as,N3 + (-^ai -^0203 )7V5 ^^^Af2 ^£0405, Af3 

~'^(-^ai-^a2-^a3)Af5^^W^^^Af2^ca4a5,Af3 + ^ (-^aia2 -^0304) A^s A^i ^ca5,7V2 

--^{LaiLa^La^aJ Ns at^ A^ag , Ar2 + ^ (-^^ai -^^a2 La-^La^Ns W^^^ TVi ^cag , Af2 

+ TTT (-^01-^02-^03-^ 04 )Af5'^^-^^^*''^^ Pi ^ag, Ml ^c.AfJ • (B-H) 

o! 

The reader can easily evaluate the remaining field strengths. 

The rigid transformations of the group element also determine the gauge transforma- 
tions of the various fields. We list here the gauge transformations for all the forms up to 
the 6-form. The 1-form transforms as 

'5^ai,Ari = ^ai.ATi — S'Ajv/i-^f^Vi'^^^ai.Pi , (B-12) 

the 2-form as 

"^^0102, A^a ~ 0,aia2,N2 ~ 2^'^i>^i'^"2,Mi/ ^ ^ N2 ^ 5'Ami^2 ^ N2 ^^0102, P2 5 

(B.13) 
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the 3-form as 



A 4 — n —A n fN2Ni 

— -^^Aai,NiAa2,Mi(J'a3,Pif^^^^N-if^^^^^N2 — fl'AAfi-^S^Va^^^aiaaas.Ps )(B-14) 



the 4-form transforms as 



A 4 — n ^ A n fN2M2 A „ fN^Ni 

'J-^ai..aA,N4, — '^ai...a4,N4 '^■^aia2,N2^a3a4,,M2J N4 ^aia2a3,N-i^a4,NiJ N4 



A A An fNiNs fMiN2 fPiQi 

~7T <^l.^i '*2,Mi^a3,Pi"a4,Qi/ N4J N3J N2 



1 

4!" 

-^Aaia2,N2^a3,Ni<^a4,Mif'^^^^^N4f'^^'^^^M2 ~ Aa^ a^^p^ , (B.15) 



and the 5-form transforms as 

c A _ A fN3N2 A „ fN4Ni 

'J ^ai..a5,N5 Uai...a5,N5 ^ai...a3,N3(J'a4a5, N2J N5 — ^ N4(J'a5,NiJ N5 

1 

2' 
1 



A A n fN2N3 fAhNi 

'7^^aia2,N2^a3a4,M2(^a5,NiJ N5J N3 



^ A A A A n fNiN4 fAfiAfg fPiA^a fQi-Ri 

— -^^^ai,Ni^a2,Mi^a3,Pi^a4,QiO'a5,RiJ N5J N4J N3J N2 

^ A A A n fN2N3 fNiKh sM^Pi 

--^^^aia2,N2Aa3,Ni^a4,Mi(^a.5,Pj N5J N3J M2 

-gAM,X^''N./'A,„„a,,P, . (B.16) 

The parameters a are given in eq. (12.521) in terms of the gauge parameters A. The reader 
can easily evaluate the gauge transformations for the higher rank fields. 

C Extended spacetime in four dimensions 

In this appendix we will consider the four dimensional maximal gauged supergravities 
using a non-linear realisation of En ®s ^i- This closely follows the similar derivation of the 
maximal gauged supergravities in five dimensions given in reference jTB] to which we refer 
for the details of how this method works. 

C.l The li multiplet in four dimensions 

The li multiplet can be thought of as the En representation that contains the momentum 
generator Pc as its lowest component. The li multiplet is the representation of -En with 
highest weight Ai, where Ai is the fundamental weight associated with node 1 of the Dynkin 
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diagram of En. By definition it satisfies the relation (Ai, = Su, wliere is tlie simple 
root associated with node i on the Dynkin diagram of En. For our derivation we will need 
the /i multiplet of En suitable to four dimensions at low levels. 

The most straightforward way to find the components of the li multiplet as it occurs 
in four dimensions at low levels is just to take the li multiplet in eleven dimensions [T5] . 
carry out the dimensional reduction to four dimensions by hand, and then collect the result 
into representations of the internal symmetry group E^. A more sophisticated method is 
to realise that the li representation of En can be obtained by considering the adjoint 
representation of E12. The Dynkin diagram of E12 is just that of En, but with one node, 
the starred node, added with one hne attached to node one as in fig. [HI To find the h 
representation suitable to eleven dimensions we decompose the adjoint representation of 
E12 into representations of the En obtained by deleting the starred node in the £'12 Dynkin 
diagram and keeping only the level one generators; by level we mean the level associated 
with node one [15] . Clearly, as the commutation relations respect the level we must find a 
representation of En and it is in fact the li representation. To find the li representation 
in four dimensions one then carries out the decomposition GL{A, M) ^ Ei corresponding to 
deleting in addition node four. 



O 11 



o — o — o — o — o — o — o — o — o — o — o 

★ 123456789 10 

Figure 8: The E12 Dynkin diagram. 



Following either method the low level elements of the li multiplet in four dimensions 
are found to be given by EBj 

Pa (1) Z^' (56) Z"^'^ (133 © 1) Z"''^^^ (912 © 56 © 1) 

(8645 © 1539 © 133 © 1) ■•• (C.l) 

The indices a,b,... = 0,1,2,3 transform under GL(4, M) in the obvious way while the 
numbers in brackets indicate the dimensions of the Ej representations to which the charges 
belong. 
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The commutators of En appropriate to four dimensions are given in section four. The 
commutators of the generators with the li generators are determined by the Ej repre- 
sentation that the charges belong to and are given by 

The remaining commutators between En generators and those of the li multiplet can 
be deduced from their E12 origin, or just writing down relations compatible with the level 
assignments, (jL(4, M) character, and using the Jacobi identities. We may define the way 
the li generators occur in the En ®s h algebra by the relations 

[i?". Pa] = 0, [i?"'^, Pb] = blZ^ , [i?'^^'", PJ = 2(5['^Z*]'" 

The normalisation of the l\ generators is then fixed by the choice of coefficients on the right 
hand side. The fact that the representation of the charges and the Ey^ generators coincide 
on each side of these equations is a consequence of the relationship that exists between the 
l\ representation and the adjoint representation of En [37]. Physically this is the usual 
relationship between fields and the charges to which they couple in the Wess-Zumino term 
of a brane action. 

The remainder of the commutators may be fixed through the Jacobi identities. For 
example, let us consider the Jacobi identity involving [i?"'*^, [i?'''^, Pc]]- We find, using the 
Ex\ commutators of eq. (4.9), that 

yj^aM^ Z^] = -P)f ^Z'^'" . (C.4) 

Now, for convenience we define Z""^'^^ = S^^Z"'^'^, and the Jacobi relation [P°'^'^, [P^'^'", P^]] 
implies that 

The Jacobi relation [P"^'", [P^'^'^, P^]] leads to 
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The final Jacobi identity [R^^^ , P^]] implies both 

[/?'^'*^ Z'^'^] = -c^/Z'^''^'["'31 and [i?"''-.^, ^^^] = -c^f/^^^-^-M . (C.7) 

Thus the commutators between the En generators and those of li at low levels are 
given in equations (C.3) to (C.7). 

C.2 Construction of the four dimensional gauged maximal su- 
pergravities 

The field strengths and gauge transformations of the massless theory follow in a straight- 
forward way from the En algebra, they are essentially the Cartan forms subject to the 
appropriate anti-symmetrisation. They are given by the general formula in eq. ( I2.46P and 
more explicitly in section four by setting (7 = 0. We will now derive the field strengths 
for the gauged theory following closely the argument given in [16] for the five- dimensional 
case. 

We begin by choosing the group element of the non-linear realisation of En ®a l\ to be 



where 



and 



e 



The symbols in this latter equation are defined by 

3 

The coefficients in these expressions are taken from the results of section 4. The tensor 
W^j defined here differs from the tensor denoted in the same way in section 4 by a factor 
of 2, and indeed it is defined as 

= —e^M (C.12) 

which differs from eq. (4.25). Again, this coefficient is taken to reproduce the results of 
section 4. 
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At first sight it may appear that the above group element contains all the generators 
of the li multiplet, but this is not the case. In fact the coordinates y obey projections 
conditions that mean that part of the h multiplet is absent and plays no role in the 
calculation. As discussed in reference [TB], the part of li which is present is the image of a 
map from En into the li representation. It is argued that demanding certain natural 
properties of this map leads to the constraints on 6^^, etc found as a consequence of Jacobi 
identities of the deformed algebra in this paper. These constraints on etc are reflected 
in the projections arising from the y coordinates. One may hope that such an argument 
may fix the coefficients in eqs. (C.ll) and (C.12). 

For reasons to do with the preservation of the form of the group element under the 
action of the group and the required compensating transformations the field strengths of 
the gauged supergravity are not given in a simple way by the Cartan forms. However, 
as explained in reference pJ3j we can calculate the variation of the fields in the usual 
way by taking a group element go and considering its effect on the coset representative 
Qog — y g' and find the field strengths by demanding that they be invariant under these 
transformations. In particular let us consider g —>■ g^g taking go = e^'^ where the parameter 
b obeys the same constraints as the y coordinates. As discussed in reference [16] e^'^e^'"^ = 
Qv'-z^-gb-T ^ However, as the final field strengths do not depend on the y coordinates we 
need only calculate the the effect of e~^^'^ on the e^'^ term and do not require to know 
how the y coordinates change. 

Let us first consider the transformation g g^g with go = e^^*^^ this leads to 
the factor Q-a^M^aR" acting on the En coset representative which is just the same as 
an Ell transformation of the ungauged theory, but with parameter = bj^^a ■ 
the next level we consider the transformation go = e^"'"^"'", which results in the fac- 
tor e"^''"'"^"'" = e~^^°'"^Af^°''*^ which is just an En transformation with the parameter 
fla.M = —gba,aW^. Similarly the effect of go = e''"'''"'"^''''''^'" is equivalent to an En trans- 
formation with parameter aab,a = -gbabMni'^^ - 2W^D^^) and go = e'''^"--!^^!^''''''''" 
is equivalent to an En transformation with parameter aabc,A = —gbabc,[€S]Wl^S^^'' . The 
result of all these transformations on the fields is given by 

SAa,M = -gbpQ^{D'')M''Aa,N 

'5^ai...a3,Ma = ^Q^P^js i-^M^ ^ai...a3,Na + /^'^a^ai... 03,^/7) • (C.13) 
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We now consider an En transformations for the gauged theory, that is we take go = e"'^ 
to act on the group element of eq. (1C.8|) : 



g^^g = (f-Rff^Pa^y-Y ^AR ^ ^x^Pa + [a-R,x''Pa]^y Y+[a-R,yY]^a-R^A-R _ (C.14) 

As discussed in [16] the transformations resulting from the [-R, Y] in the second term 
do not affect the dynamics as the final dynamics does not depend on the y coordinates 
and so we may ignore this term. The final a ■ R term has the same effect on the En 
fields as the equivalent transformation in the ungauged theory. In the first factor we find 
^x'^Pa+[a-R,x°-Pa\ -^i^ich leads to higher generators in the li multiplet. For example, if we take 
= e""'*^-^"'" we find it leads to the term e^^'^^'e^"""-"^^^. This latter factor then acts like 
a li transformation on the rest of the coset representative and, as discussed above, it leads 
to an x-dependent En transformation. 

As a result we can combine the effect of the li transformations and the x dependence 
Ell transformation together by taking an li transformation with the parameter 

bMix) = hu + x^aa^M 

bab,Ma{x) = bab,Ma + X^acab,Ma 

+ X adabc,[5e] ■ (C.15) 

As noted above we have in addition the usual En transformations with the a parameters 
which are related to the above parameters by 

aa,M = dahuix) aab,a = ^dabb,a{x) 

0'abc,Ma = -dabbc,Moi{x) 0-abcd,[5e] = ■^dabbcd,[8e]{x) ■ (C.16) 

Thus all the transformations can be expressed in terms of the x-dependent parameters 
b{x). 
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The resulting transformations of the fields are given by 



M 



SAia2,j = 2^[aiba2],j{^) + ^d[a,\bM{x)A\a2]^N{D^)^^ - gbM{x)Q^ ^Aa,a2,l3 



^Aa^a2a3,Ma = g ^[ai &a2a3],Ma(2;) + 5[ai|&M(a^)^|a2a3],a " g^[ai|,M>l|a2|,Ar9|a3]6p(x) 

-gbN{x)eg {D'^)M^Aa^,„a3,Pa " 9bN{x)Qp f'^'^ aAa^...a3,Pj " fi'W^M^ai,/3(a;)^a2a3,a 
-^^W^^^ai,/3(a:;)^a2,P^a3,Mi^a'^ - 5&ai...a3,[/3al (a:^)M^M 

(^>lai...a4,[66] = ^cj^.f ''9„i6M(a:;)A2...a4,iV/3 - ^D^^ C^^^"^ Aa,,MAa^,QAa3,Nda^bp{x) 
1 11 

) ■ (C.17) 

The field strengths are just the objects which are covariant under the above En <Si h 
transformations which at order g'^ agree with those of the massless theory. Thus the order 
g^ variation of F^^\ i.e. the variation of the massless field strengths, must cancel the order 
g^ variation of the order g'^ variation of the order g^ part of the field strength, F^^^. This 
computation implies that the field strengths of the gauged theory are given by 

Faia2,M — 2(?[a^^(j2],M + 5'-^^^M^[aiJV^a2]P + ^9Aaia2oWM 

3 

Fai...a3,a — 39[aj ^ajagj^Q + — Aa2,M)^a3],w(-^a) 

+ ^gA[a,,MAa,,NAa3],pX^Q''D^^'^ + QgA[a,a2Ma3],MW^D^'' 

+MKr^a + 2gW^D^'')Aa,...a3,Mp 

2 ]\fp 

4l9[ajAa2...a4],rr? " 4:{d[aiAa2a3,ri)Aa4],T " " (f^[ai ,A')^a3,P^a4],T(-D^) 
-16(?W^^A„,...„„[„,] + + 2gW^D^'')A[a,...a3,MaAa,]T 

-^9W^A[ + AgWpD^ A[aia2,aAa3,MAa^lT 

-\-^gX^^ rD^^ Aya^^MAa^^NAa^^pAa^^^T ■ (C.18) 

The field strengths and the gauge transformations agree with those found in section 4, as 
one can see comparing eqs. (4.31) and (4.32) with eqs. (CIS) and (C.17), if we identify 
the gauge parameters of section 4 as 

Am = bM{x) Ao^Q = 2^"'° ^ab,Ma = -^bab,Ma ^abc,[al3] — -^babc,[al3] ■ (C.19) 
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